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O 

ABSTRACT. We show that for any locally finitely presented morphism of algebraic stacks 
^ X — > S with quasi-compact and separated diagonal, there is an algebraic stack HS X , s , the 

Hilbert stack, parameterizing proper algebraic stacks with finite diagonal mapping quasi- 
finitely to X. The technical heart of this is a generalization of formal GAGA to a non- 
separated morphism of algebraic stacks, something that was previously unknown for a 
morphism of schemes. We also employ derived algebraic geometry, in an essential way, to 
£N| prove the algebraicity of the stack HS X , s . The Hilbert stack, for a morphism of algebraic 

spaces, was claimed to exist in ] Art74 Appendix §1], but was left unproved due to a lack of 
' foundational results for non-separated algebraic spaces. 

<t^ l. Introduction 

Fix a scheme S and a morphism of algebraic stacks n : X — » S. Define the Hilbert stack, 
HSxy S , to be the S-stack which sends an S-scheme T to the groupoid of quasi-finite and 

represen table morphisms (Z A X x s T), such that the composition Z A X x s T T 
is proper, flat, and finitely presented with finite diagonal. There is a substack HS x °s° C 

7— I HS X /S' described by monomorphisms (Z A X x s T). The main results of this paper are 

> 

■^j- Theorem 1. Fix a scheme S and a non-separated morphism of noetherian algebraic stacks n : 

X — > S, then HSy°"° is never an algebraic stack. 

Theorem 2. Fix a scheme S and a locally finitely presented morphism of algebraic stacks n : X — > 
S with quasi-compact and separated diagonal. Then, the S-stack HS X / S is algebraic, locally finitely 
presented over S, with quasi-compact and separated diagonal. 

Theorem 3. Fix a scheme S, a locally finitely presented morphism of algebraic stacks X — > S with 
quasi-finite and separated diagonal; and a proper, flat and finitely presented morphism of algebraic 
stacks Z — > S with finite diagonal. Then, the S-stack T i— > HOMt(Z xs T, X x s T) is algebraic, 
locally finitely presented over S, with quasi-compact and separated diagonal. 

Fix an algebraic stack U, and a morphism of algebraic stacks Y — > U. For another 
morphism of algebraic stacks p : U — » V, define the fibered category p*Y, the restriction 
of scalars of Y along p, by (p*Y)(T) = Y(T XyU). 

Theorem 4. Fix an algebraic stack Z, and a locally finitely presented morphism of algebraic stacks 
Y — > Z with quasi-finite and separated diagonal. For any proper, flat, finitely presented morphism 
of algebraic stacks p : Z — > W with finite diagonal, the restriction of scalars ofY along p, p* Y, is 
an algebraic stack, locally finitely presented over W, with quasi-compact and separated diagonal. 

Theorem [T] is similar to the main conclusion of [LS08 ], and is included for complete- 
ness. In the case that the morphism n : X — » S is separated, the Hilbert stack, FJS X y S , is 
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equivalent to the stack of properly supported algebras on X, which was shown to be al- 
gebraic in | Lie06 1 . Thus the new content of this paper is in the removal of separatedness 
assumptions from similar theorems in the existing literature. The statement of Theorem|2] 
for algebraic spaces appeared in [Art74, Appendix §1], but was left unproved due to a lack 
of foundational results. It is important to note that Theorems |2j |3j and |4] are completely 
new, even for schemes and algebraic spaces. 

Theorems |3]and|4]generalize IOls061 Thm. 1.1 & 1.5] and HAok06all to the non-separated 
setting, and follow easily from the statement of Theorem[2] Proving Theorem[2]requires an 
understanding of the infinitesimal deformation theory of the objects in the Hilbert stack, 
as well as knowledge of how these infinitesimal deformations can be extended to actual 
deformations. 

The obstruction to extending infinitesimal deformations of the Hilbert stack is the 
dearth of "formal GAGA" type results (cf. I1EGA1 III, §5]) for non-separated schemes, alge- 
braic spaces, and algebraic stacks. In this paper, we will prove a generalization of formal 
GAGA to non-separated morphisms of algebraic stacks. The proof of our version of non- 
separated formal GAGA requires the development of a number of foundational results 
on non-separated spaces, and consumes the majority of the paper. 

In the case of a separated morphism of algebraic stacks n : X — > S, the infinitesimal 
deformation theory of objects in the stack HS X /s is closely related to the infinitesimal 
deformation theory of coherent modules on X, and is described in [Lie06J. This relation 
affords computations, as it provides an abelian category, and thus short exact sequences. 
For a non-separated morphism of algebraic stacks n : X — » S, we were unable to do this. 
Thus, the deformation theory for the objects of the Hilbert stack becomes very similar 
to the deformations of a morphism of stacks with a fixed target. The techniques of the 
cotangent complex of [11171 1 fail to capture this deformation theory. Moreover, in the case 
that X is an algebraic stack, accurately describing the deformation theory requires one to 
work with 2-stacks. 

Recasting the Hilbert stack as a moduli problem in derived algebraic geometry, as it ap- 
pears in BLur04l , allows us to elucidate the necessary deformation-theoretic information. 
The derived interpretation of the Hilbert stack also permits the application of Lurie's Rep- 
resentability Theorem IILur041 Thm. 7.1.6] to prove Theorem|2]in a manner more straight- 
forward than what Artin's Criterion BArt741 Thm. 5.3] would allow in the generality of a 
morphism of algebraic stacks. 

It is worthwhile to observe that one may construct an algebraic stack parameterizing 
proper, flat, and finitely presented algebraic spaces mapping quasi-finitely to an algebraic 
stack X using the non-separated formal GAGA results of this paper, as well as a variant 
of Artin's Criterion BArt74[ Thm. 5.3] appearing in [Sta06 Prop. 1.1 and 1.2] — this implies 
Theorems [2|[3j and [4] in the case of algebraic spaces and schemes. 
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1.1. Background. The most fundamental moduli problem in algebraic geometry is the 
Hilbert moduli problem for P N : find a scheme which parameterizes flat families of closed 
subschemes of P N . It was proven by Grothendieck, in |FGAJ, that this moduli problem 
has a solution which is a disjoint union of projective schemes. 

In general, given a morphism of schemes X — > S, one may consider the Hilbert moduli 
problem: find a scheme Hilb x /g parameterizing flat families of closed subschemes of X. It 
is more precisely described by its functor of points: for any scheme T, a map of schemes 
T — » Hilb x / S is equivalent to a diagram 



where the morphism Z ^ X Xs Tis a closed immersion, and the composition Z — > T is 
proper, flat, and finitely presented. Grothendieck, using projective methods, constructed 
the scheme Hilb pN , % . 

In |Art69|, M. Artin developed a new approach to constructing moduli spaces. It was 
proved, by M. Artin in ||Art69[ Cor. 6.2] and !IArt74[ Appendix], that the functor Hilb x/S 
had the structure of an algebraic space for any separated and locally finitely presented 
morphism of algebraic spaces X — > S. The algebraic space Hilb x /g is not, in general, 
a scheme — even if X — > S is a proper morphism of smooth complex varieties. In more 
recent work, Olsson-Starr [OS03J and Olsson [Ols05J showed that the functor Hilb x , s is 
an algebraic space in the case of a separated and locally finitely presented morphism of 
algebraic stacks X — > S. 

A separatedness assumption on a scheme is rarely restrictive to an algebraic geometer. 
Indeed, most schemes algebraic geometers are interested in are quasi-projective or proper. 
Let us examine some spaces that arise in the theory of moduli. 

Example 1.1 (Picard Schemes). Let C — > A 1 be the family of curves corresponding to a 
conic degenerating to a node. Consider the Picard scheme Pic C / A i , which parameterizes 
families of line bundles on C/A 1 modulo pullbacks from the base, then Picc/A 1 is n °t 
separated. This is worked out in detail in |F GI + 05[ Ex. 9.4.14]. 

Example 1.2 (Curves). Let U be the stack of all curves. That is, a morphism T — > U from 
a scheme T, is equivalent to a morphism of algebraic spaces C — > T which is proper, 
flat, finitely presented, with one-dimensional fibers. In particular, U parameterizes all 
singular curves, which could be non-reduced and have many irredudible and connected 
components. In |Smy09 Appendix B], it was shown that U is an algebraic stack, locally 
of finite presentation over Z. The stack U is interesting, as Hassett |Has03|, Schubert 
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[Sch91], and Smyth |Smy09| have constructed modular compactifications of M g , different 
from the classical Deligne-Mumford compactification [DM69], that are open substacks of 
IX. The algebraic stack It is not separated. 

Unlike schemes, non-separatedness of interesting moduli spaces is the norm. Indeed, 
families of interesting geometric objects tend not to have unique limits. This is precisely 
the reason why compactifying moduli spaces is an active, and very difficult, area of re- 
search. 

In |LS08|, Lundkvist and Skjelnes showed that for a non-separated morphism of noe- 
therian algebraic spaces X — > S, the functor Hilb x/S is never an algebraic space. We will 
provide an illustrative example of this phenomenom. 

Example 1.3. Consider the simplest non-separated scheme: the line with the doubled 
origin. Let's write it as A] II A i A{. Now, for a u-line, Ay, we have a Speckjx]- 

morphism T y : Speck[x] — > A y x k Spec Ik [x] given by 

1 & x, y ® 1 i ) x. 

Thus, we have an induced map over Spec k[x]: 

Speck[x] — ^ (A]) x k Speck[xl —> [A] II A i =t _ (0) A|) x k Speck Jx]. 

Now, where x = 0, this becomes the inclusion of one of the two origins, which is a closed 
immersion. Where x / 0, this becomes a non-closed immersion. To see this, note that 
a morphism is a closed immersion, if and only if it is a closed immersion locally on the 
target. So, for Speck[x] — > [A\ U A i_ t _(o) Aj) x^ Speck[x] to be a closed immersion, we 
need Speck[x] | A i Xk SpecklM]-» A l Xkk[x], and Speck[x] | A i XtSp eck[x]^ K XfckM to both 
be closed immersions. Now, it is clear the first map is a closed immersion. The second 
one is not, since the map is Spec k((x)) — > A| x k Spec k[x], which is not closed. 

Note that if X — > S is separated, any monomorphism Z — » X x s T with the morphism 
Z — > T proper is automatically a closed immersion. Thus, for a separated morphism X — » S, 
the stack HS™" is equivalent to the Hilbert functor Hilb x / g . In the case that the mor- 
phism X — > S is non-separated, they are different. Note that in Example 1.3} the de- 
formed object was still a monomorphism, so will not prove Theorem [I] for the line with 
the doubled-origin. Let us consider another example. 

Example 1.4. Consider the line with doubled-origin again, and retain the notation and 



conventions of Example 1.3 Thus, we have an induced map over Spec I 



Spec k [x] II Speck [x] [A] UA\) x k Speck[x] -> (A] II A i =t _ (0) A\) x k Speck[x]. 

Now, where x = 0, this becomes the inclusion of the doubled point, which is a closed 
immersion. Where x ^ 0, this becomes non-monomorphic. 

Combining this last example, with the proof of |LS08 Thm. 2.6], one readily obtains 
the proof of Theorem [T Thus, for non-separated morphisms of schemes, the obstruction 
to the existence of a Hilbert scheme is that a monomorphism Z «— » X could be deformed 
to a non-monomorphism. So, one is forced to consider maps Z — > X. There exist other 
versions of Hilbert type moduli problems (in the separated case) in the literature, all of 
which were shown to be algebraic stacks: 

• Vistoli's Hilbert stack, described in |Vis91], parameterizes families of finite and 
unramified morphisms to a separated stack. 
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• Lieblich, in |Lie06 |, showed that the stack of properly supported coherent algebras 
on a separated and locally finitely presented algebraic stack was algebraic. 

• The stack of branchvarieties — parameterizes varieties mapping finitely to P N . It 
was shown that this was an algebraic stack with proper components in | AK10 1. 

• Lieblich, in [Lie06J, also considered a generalization of the stack of branchvari- 
eties. It was shown that for certain separated stacks (those with projective coarse 
moduli or those admitting a proper flat cover by a quasi-projective scheme), the 
stack of brachvarieties has proper components. 

• Hansen, in |H0nO4|, constructed a proper algebraic space parameterizing Cohen- 
Macaulay curves with fixed Hilbert polynomial mapping finitely to projective 
space, and birationally onto its image. 

• Rydh, in (Ryd08j, constructed the Hilbert stack of points for any morphism of al- 
gebraic stacks. 

It would be optimal to subsume all of these problems. Hence, the natural class of maps 
to parameterize is quasi-finite maps Z — > X. If we can understand quasi-finite maps, then 
we can understand unramified morphisms (a natural generalization of immersions), and 
branchvarieties using standard techniques. 

Example 1.5. Closed immersions, quasi-compact open immersions, quasi-compact un- 
ramified morphisms, and finite morphisms are all examples of quasi-finite morphisms. 
By Zariski's Main Theorem IIEGA1 IV, 18.12.13], any quasi-finite and separated map of 
schemes Z — > X factors as Z — > Z — > X where Z — > Z is an open immersion and Z — > X is 
finite. 

We now define the Generalized Hilbert moduli problem: for a morphism of algebraic 
stacks 7t : X — > S, find an algebraic stack HS X / S such that a map T — > HS X y S is equivalent 
to the data of a quasi-finite map Z^Xx s T, with the composition Z — > T proper, flat, and 
finitely presented. This is the fibered category which appears in Theorem [2] The main 
result in this paper, Theorem |2j is that this stack is algebraic. 

Example 1.6. If X — > S is separated, then any quasi-finite and separated map Z — > X 
which has Z — > S proper is automatically finite. Hence, HS X / S is the stack of properly 
supported coherent algebras on X. Lieblich, in |Lie06], showed that HS X / S is an algebraic 
stack whenever the morphism X — > S is locally of finite presentation and separated. 

1.2. Outline. In fj5j we will prove Theorem [2] using Lurie's Representability Theorem 
BLur041 Thm. 7.1.6]. To apply Lurie's Theorem, like Artin's Criterion [Art74, Thm. 5.3], it 
is necessary to know that infinitesimal deformations of objects in the Hilbert stack can be 
effectivized. Note that effectivity results for moduli problems related to separated objects 
usually follow from the formal GAGA results of |EGA. Ill, §5], and the relevant general- 
izations to algebraic stacks, which appear in [OS03J and |Ols05|. Since we are concerned 
with non-separated objects, no previously published effectivity results apply. 

In f|4j we prove a generalization of formal GAGA for non-separated algebraic stacks, 
which is the main technical result of this paper. That is, fix an I-adic noetherian ring R, and 
set S = Spec R and S n = Spec R/I n+1 . For a locally of finite type morphism of algebraic 
stacks 7t : X — » S, with quasi-compact and separated diagonal, let the map 7t n : X n — » S n 
denote the pullback of the map n along the closed immersion S n <— » S. Suppose that for 
each n > 0, we have compatible quasi-finite S n -morphisms s n : Z n — > X n such that the 
composition 7t n o s n : Z n — > S n is proper with finite diagonal. We show that there exists 
a unique, quasi-finite S-morphism s : Z — > X, such that the composition n o s : Z — > S is 
proper with finite diagonal, and compatible X n -isomorphisms Z x x X n — > Z n . 
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In § 1 2] and [5J we will develop techniques to prove the eff ectivity result of Q To mo- 
tivate these techniques, it is instructive to explain part of Grothendieck's proof of [EGA, 
III, 5.1.4]. So, given an I-adic noetherian ring R, let S = SpecR, and S n = SpecR/I n+1 . 
For a proper morphism of schemes f : Y — > S, let the morphism f n : Y n — > S n denote the 
pullback of the morphism f along the closed immersion S n S. Suppose that for each 
n > 0, we have a coherent Y n -sheaf J n and isomorphisms 3>l+i |y n = then IIEGA1 III, 
5.1.4] states that there is a coherent Y-sheaf £F such that |y„— 3>v It is better to think 
of these adic systems of coherent sheaves as coherent sheaves on formal schemes. For a 
coherent sheaf # on the formal scheme Y, if there exists a coherent sheaf on the scheme 
Y and an isomorphism of coherent sheaves £F = 5 on the formal scheme Y, then say that 
$ is effectivizable. The effectivity problem is thus recast as: any coherent sheaf 5 on the 
formal scheme Y is effectivizable. This is proven using the method of devissage on the cat- 
egory of coherent sheaves Coh (Y) on the scheme Y. The proof consists of the following 
steps: 

(1) given coherent sheaves "K, 9C' on Y, then the natural map of R-modules: 

ExtyOJt.JC'j -» Ext- (IK, IK'] 

is an isomorphism for all i > 0. 

(2) Show that if we have an exact sequence of coherent sheaves on Y: 

*-Sj' >3 *Sj" ^0 

and two of S] ', Sj ", $j are effectivizable, then the third is. This follows from the 
exactness of completion and the i = 0,1 statements of Q. 

(3) Prove the result for all projective morphisms Y — > S. 

(4) Use Chow's Lemma IIEGA1 II, 5.6.1] to construct a projective S-morphism p : 
Y' — > Y that is an isomorphism on a dense open subset of Y and such that Y' 
is S-projective; 

(5) Use |3| for the projective morphism Y' — > S to show that = S for some Y'- 
coherent 9; 

(6) Use the Theorem on Formal Functions [EGA. Ill, 4.1.5] to show that (p*S) A = 
P*P*& 

(7) Combine (|5) and |6| to see that p*p*# is effectivizable and note that we have an 
adjunction morphism r\ : $ — > p*p*^. 

(8) Form the two exact sequences: 

: ~ kern > $ — > imn > 



>■ imn *-p*p*# *- cokern >■ 0. 

By noetherian induction on the topological space | Y|, we may assume that ker r| 
and cokern are effectivizable. Since p*p*# is effectivizable, then applying |2} 
twice, we conclude that # is effectivizable. 

The proof of the non-separated effectivity result in f|4]will be very similar to the technique 
outlined above, once the steps are appropriately reinterpreted. For a non-separated mor- 
phism of schemes X — » S, instead of the abelian category Coh (X), we consider the (non- 
abelian) category QF(X) which consists of quasi-finite and separated morphisms Z — > X. 
In fj2j we will reinterpret |TJ and |2} in terms of the existence of pushouts of quasi-finite 
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and separated morphisms along finite morphisms in the category QF(X). The exactness 
of the completion functor (•) : Coh (Y) — > Coh (Y) is reinterpreted as the preservation of 
these coequalizers under completion. The analog of projective morphisms Y — > S in |3) 
and |5} are morphisms which factor as Y — » Y' — » S, where Y — > Y' is etale, and Y' — > S 
is projective. The analogue of the Chow Lemma used in Q, is a generalization due to 
Raynaud-Gruson BRG7H Cor. 5.7.13]. In fj3} for a proper morphism q : Y' — > Y, we con- 
struct an adjoint pair [q\, q*) : QF(Y') QF(Y) which takes the role of the adjoint pair 
(q*, q*) : Coh (Y) Coh (Y'). We also show that the adjoint pair can be constructed for 
locally noetherian formal schemes, and prove an analogue of Q and j7) in this setting. In 
f|4| we will combine the results of §f|2]and[3]to obtain an analogue of |8J. 

1.3. Notation. We introduce some notation here that will be used throughout the pa- 
per. For a category 6 and X e Obj C, we have the slice category C/X, with objects the 
morphisms V — > X in 6, and morphisms commuting diagrams over X, which are called 
X-morphisms. If the category 6 has finite limits and f : Y — > X is a morphism in 6, then 
for (V -> X) e Obj(C/X), define V Y := V x x Y. Given a morphism p : V -> V, there is 
an induced morphism py : V Y — > Vy. There is an induced functor f* : C/X — > S/Y : (V — > 
X) h- > (Vy — > Y). Given a higher category C, these notions readily generalize. 

Given a ringed space U := (|U|, Ou ), a sheaf of ideals 3 < Ou, and a morphism of ringed 
spaces g : V — > U, we define the pulled back ideal 3y = im(g*3 — > Oy) < Oy. 

Fix a scheme S, then an algebraic S-space is a sheaf F on the big etale site of S, (Sch/S)g t , 
such that the diagonal morphism Ap : F — > F x s F is represented by schemes, and there 
is a smooth surjection U — » F from an S-scheme U. An algebraic S-stack is a stack H on 
(Sch/S)e„ such that the diagonal morphism Ah : H — > H x s H is represented by algebraic 
S-spaces and there is a smooth surjection U — > H from an algebraic S-space U. Note, we 
make no separation assumptions on our algebraic stacks. We do show, however, that all 
algebraic stacks figuring in this paper possess quasi-compact and separated diagonals, 
thus all of the results of [LMB| apply. We denote the (2, 1 )-category of algebraic stacks by 
AlgStk. 

2. Quasi-finite Pushouts 

Fix an algebraic stack X, and let the 2-category of algebraic stacks over the stack X be 
denoted by AlgStk/X. Define the full 2-subcategory RSch/X c AlgStk/X to have those 
objects Y A X, where the morphism s is schematic. We have three observations here: 

(1) given a morphism f : (Z A X) — > (Z' — > X) in RSch/X, then the corresponding 
X-map f : Z — > Z' is schematic; 

(2) since an X-morphism Z — > Z' is the data of a morphism of stacks Z — > Z', together 
with a 2-morphism a : s => s'of, then since s and s' are representable, it fol- 
lows that the 1 -morphisms in RSch/X have trivial automorphisms, thus RSch/X 
is naturally 2-equivalent to a 1 -category; 

(3) if the algebraic stack X is a scheme, then the natural functor Sch/X — » RSch/X is 
an equivalence of categories. 

Definition 2.1. Let X be an algebraic stack. Define the following full subcategories of 
RSch/X: 

(1) RAff/X has objects the affine morphisms to X; 

(2) QF(X) has objects the quasi-finite and separated maps to X. 
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2.1. Algebraic Stacks. For the moment, we will be principally concerned with the exis- 
tence of pushouts in the category QF(X), where X is a locally noetherian algebraic stack. 
Pushouts in algebraic geometry are usually subtle, so we restrict our attention to the types 
that will be useful in fj4] We will need to pay attention to some more general types of col- 
imits in the 2-category of algebraic stacks, as the added flexibility will be useful. 

Remark 2.2. Note that because we have a fully faithful embedding of categories QF(X) c 
RSch/X, then a categorical colimit in RSch/X, which lies in QF(X), is automatically a 
categorical colimit in QF(X). This will happen frequently in this section. 

Remark 2.3. It is important to observe that a categorical colimit in AlgStk/X is, in general, 
different to a categorical colimit in RSch/X. Indeed, let X = Speck, and let G be a finite 
group, then the X-stack BG is the colimit in AlgStk/X of the diagram [Gx =4 X]. The 
colimit in the category RSch/X is just X. 



The definitions that follow are closely related to those given in | Ryd07 §2] 



Definition 2.4. Fix a directed system of algebraic stacks {Zi.}i. e i and consider an algebraic 
stack Z, together with compatible morphisms 4h : Z\ — > Z for every i G I. Then we say 
that the data (Z, {cbi} ie i ) is a 

(1) Zariski colimit if the induced map on topological spaces 4> : lim ^ |Z-jJ — > |Z| is a 
homeomorphism (equivalently, the map ITt e i4>i : UieiZi — > Z is submersive and 
the map <$> is a bijection of sets); 

(2) weak geometric colimit if it is a Zariski colimit of the directed system {Zi}i e i, and 
the canonical map of sheaves of rings Oz — > U m i ( t t > i)*Qz i is an isomorphism (in 
the case of schemes, this is equivalent to the scheme Z being the colimit of the 
directed system of schemes {Zi}i e i in the category of ringed spaces); 

(3) universal Zariski colimit if for any algebraic Z-stack Y, the data (Y,{(4H)v}iei) is 
a Zariski colimit of the directed system {(Zi) Y }igi; 

(4) geometric colimit if it is a universal Zariski and weak geometric colimit of the 
directed system {Zi}i 6 i; 

(5) uniform geometric colimit if for any flat, algebraic Z-stack Y, the data (Y, {(4h) yjiei ) 
is a geometric colimit of the directed system {(Z^ylieD 

The following criterion will be useful for verifying when a colimit is a universal Zariski 
colimit. 

Lemma 2.5. Suppose that we have a directed system of algebraic stacks {Zi}i e i, an algebraic stack 
Z, and compatible morphisms 4h : Zv — > Z for all i e I. If the map Hi4>t : IliZi — > Z is surjective 
and universally submersive and also 

(1) for any geometric point SpecK — » Z, the map ct) K : lim. |(Zx)kI — » |SpecK| is an 
injection of sets; or 

(2) there is an algebraic stack X such that Z and Zi e QF(X) for all i e I, the maps 4h are 
X-maps, and for any geometric point Spec L — > X, the map "4> L : lim. KZ^lI — > |ZlI is 
an injection of sets, 

then (Z, {(Julie i) is a universal Zariski colimit of the directed system {Z x } lg i. 

Proof. To show ([I), we observe that the universal submersiveness hypothesis on the map 
IIi4H : IliZi — > Z reduces the statement to showing that for any morphism of algebraic 
stacks Y — > Z, the map 4)y : lim , KZjJyl - > |Y| is a bijection of sets, which will follow 
if the map 4>k : lim. |(Zi)kI — > I Spec K| is bijective for any geometric point Spec K — > Y. 
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By assumption, we know that 4>k is injective, for the surjectivity, we note that we have a 
commutative diagram of sets: 

LUKZOkI-^ Um.KZikl, 
Spec K| 

where ock and IIi4)i are surjective, thus 4>k is also surjective. For 1(2}, given a geometric 
point Spec L — > X, then Z(Spec L) = |Zt_| and Z|(Spec L) = |(Z|)lI, thus we may apply the 
criterion of |TJ to obtain the claim. □ 

The exactness of flat pullback of sheaves easily proves 

Lemma 2.6. Suppose that we have a finite directed system of algebraic stacks {ZJiei, then a 
geometric colimit (Z,{tf>i}iei) is a uniform geometric colimit. 

Also, note that weak geometric colimits in the category of algebraic stacks are not 



unique and thus are not categorical colimits — the example in Remark 2.3 demonstrates 
this. In the setting of schemes, however, we have 

Lemma 2.7. Given a directed system of schemes {Zi}i £ i, with a weak geometric colimit (Z, {4n}iei ), 
then it is a colimit in the category of locally ringed spaces, thus is a colimit in the category of 
schemes. 

To obtain a similarly useful result for stacks, we will need some relative notions, unlike 
the previous definitions which were all absolute. 

Definition 2.8. Fix an algebraic stack X and let {ZJig i be a directed system of objects in 
RSch/X. Suppose that Z e RSch/X, and we have compatible X-morphisms 4k : Zi — > Z 
for all i € I. We say that the data (Z,{4K}iei) is a uniform categorical colimit in RSch/X 
if for any flat, algebraic X-stack Y, the data (Z Y ,{(4H)Y}iei) is the categorical colimit of the 
directed system {(Zi) Y }iei in RSch/Y. 



Combining Lemmata 2.6 and 2.7 we obtain 

Corollary 2.9. Let X be an algebraic stack, and suppose that {Zi}t e i is a finite directed system of 
objects in RSch/X, then a geometric colimit (Z,{c])-jJ i6 i) in RSch/X is also a uniform geometric 
and uniform categorical colimit in RSch/X. 

Proof. By Lemma |2.6| it suffices to show that Z is a categorical colimit. Let U — > X be a 



smooth surjection from a scheme. By Lemmata 2.6 and 2.7 we see that (Zu>{(4K)u}iei) 
is a categorical colimit of the system {(Z^)u}iei in RSch/U, and remains so after flat 
schematic base change on U. Suppose that we have compatible X-morphisms cti : Zi — > 
W, then we want to show that there is a unique X-morphism a : Z — > W which is com- 
patible with this data. Let R = U Xx U, and let s, t : R — > U denote the two projec- 
tions, then since Zu is the categorical colimit in RSch/U there is a unique X-morphism 
(3 U : Z u — > W u which is compatible with (ctOu : (Zi) u — > W u . 

Suppose for the moment that X is an algebraic space, then R is a scheme and the maps 
s, t : R — » U are morphisms of schemes. In particular, we know that Zr is a categorical 
colimit in RSch/R and so there is a unique morphism [3r : Zr — > Wr which is compatible 
with the morphisms (ocOr : (Zi)r — > Wr. Noting that (|3u) x u,s R and ((3u) xu.tR are also 
such maps, we conclude that these maps are actually equal (as maps of algebraic spaces) 
and so by smooth descent, we conclude that there is a unique X-morphism a : Z — > W, 
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and so (Z, {4»i}tei) is a categorical colimit if X is an algebraic space. Applying Lemma 2.6 
one is able to conclude that (Z, {(JhIigi) remains a categorical colimit after flat representable 
base change on X, for all algebraic spaces X. 

Now, returning to the case that X is an algebraic stack, we know that s, t : R — > U are 
flat representable morphisms, repeating the descent argument given above shows that 
(Z,{4>i})iei is a categorical colimit in RSch/X. □ 

The following result is a generalization of |Kol08 Lem. 17], which treats the case of a 
finite equivalence relation of schemes. 

Theorem 2.10. Let Xbea locally noetherian algebraic stack, and suppose that [Z' Z — Z"] 
is a diagram in RSch/X. If t' and t" are finite, and Z, Z', Z" e QF(X), this diagram has a 
uniform categorical colimit Z'" in RSch/X, which is a uniform geometric colimit and furthermore, 
Z'" e QF(X). If t' (or t") is a closed immersion, the cocartesian diagram in RSch/X: 



t" 
Z" 



is cartesian. 



We will need some lemmata to prove Theorem 2.10 

Lemma 2.11. Let X be an algebraic stack, and suppose that {Zi}i G i is a finite directed system in 
RAff/X, then this system has a categorical colimit in RAff/X, whose formation commutes with 

flat base change on X. If the system is of the form XL' A- Z — -> Z"] and t' (or t") is a closed 
immersion, then the induced cocartesian square in RAff/X is also cartesian. 

Proof. By [LMB, Prop. 14.2.4], there is an anti-equivalence of categories between RAff/X 
and the category of quasicoherent sheaves of Ox -algebras, which commutes with arbi- 

s 

trary change of base, and is given by (Z — > X) i— > (Ox — > s*Oz). Since the category of 
quasicoherent Ox -algebras has finite limits, it follows that if Si : Zi — > X denotes the struc- 
ture map of Zt, then the categorical colimit is Z = Spec x lim i (sj)«Oz < . Since flat pullback 
of sheaves is exact, the formation of this colimit clearly commutes with flat base change 
on X. If t' (or t") is a closed immersion, the isomorphism of rings A <8>ax b/ ,b B = B/J for 
ring maps [A — > B/J <— B] shows that the pushout diagram is also cartesian. □ 

Lemma 2.12. Let Xbe a locally noetherian algebraic stack, and suppose that XL! L — L"] 
is a diagram in RSch/X, where L, L' , Z" are all finite over X, then this diagram has a uniform 
categorical and uniform geometric colimit Z'" in RSch/X, which is finite over X. Ift' (or t") is a 
closed immersion, then the induced cocartesian square in RSch/X is also cartesian. 



Proof. By Lemma 2.11 the diagram has a categorical colimit Z'" in RAff/X, and since 
X is locally noetherian, one readily deduces that Z'" is finite over X. By Corollary |2.9| it 
remains to show that Z'" is a geometric colimit. Note that since Z'LIZ" — » Z'" is dominant 
and finite, it is surjective, universally closed and thus universally submersive. First, we 
show that Z'" is a universal Zariski colimit using the criterion of Lemma [2.5p |l). 

We now follow [Kol08, Lem. 17]. Let x : Speck — > X be a geometric point, then by 

IIEGA1 Oni, 10.3.1] this map factors as Speck > X 1 X, where p is flat and X 1 is the 
spectrum of a maximal-adically complete, local noetherian ring with residue field k. Since 
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the algebraic stack Z'" is a uniform categorical colimit in RAff/X, we may replace X by 
X 1 , and we denote the unique closed point of X by x. For a finite X-scheme U, let no (U) be 
its set of connected components. The assumptions on X guarantee that there is a unique, 
universal homeomorphism hu : U x — > H m(E7to (u)W which is functorial with respect to U. 

In particular, there is a unique factorization U II me7t0 (u)X — > Xsuchthat (su)x = hu- 
Since 7to (— ) is a functor, we obtain a diagram: 

U Y Tto(t') t t Y "oft") t t y 
mG7t (Z') A < J_lme7t (Z) A " J_lme7t (Z") A 

in RAff/X, and we let X'" be the categorical colimit of this diagram in RAff/X. There is 
thus a canonical map (a. : 7J" — > X'", together with a functorial bijection of sets ^(Z^n^m 
7t (Z") -> n [X'"). In particular, the bijection v x : |Z X | U ]Zx] |Zi'| -> |X X "| factors as 

|Z;| U| Zx , Z"l ^ |Z;"| ^ |Xi"| and thus i|> x : |Z X | n, Zx | |Z£| -» |Z X "| is injective. Hence, 
we have shown that Z'" is a universal Zariski colimit and it remains to show that Z'" has 
the correct functions. 

Let m' : Z' — > Z'", m" : Z" -4 Z'" denote the canonical maps and let m : Z — > 2J" 
denote the induced map from Z. Now there is a canonical morphism of sheaves of Ox- 
algebras e : Oz'" — > Ta*Oz' x mt o z m *'0z", which we have to show is an isomorphism. 
Let h'" : Z'" — > X denote the structure map, then by functoriality, we have an induced 
morphism of sheaves of Ox-algebras: 

e2:h:"0 Z "<^h:"(m:0z< x m^Oz-) ^ «0 Z < X h:"m;Oz". 

m,O z h;"m,O z 

Since the functor h"' is left exact, ei is an isomorphism; by construction of Z'" the map 
£2 is an isomorphism and so Yi'J'e is an isomorphism. Since h'" is affine, the functor h"' 
is faithfully exact and we conclude that the map e is an isomorphism of sheaves. □ 



Proof of Theorem 2.10 By Corollary 2.9 it suffices to construct a geometric colimit. By hy- 
pothesis, the morphisms s : Z — > X, s' : Z' — > X, s" : Z" — > X are quasi-finite, separated, 
and representable. Using Zariski's Main Theorem [LMB, Thm. 16.5(ii)], there are finite 
X-morphisms s' : W — > X, s' : W" —> X and open, dense immersions i' : Z' W 
and \" : Z" w W". Let W = W x x W", and apply Zariski's Main Theorem again [Zoc. 
cif.] to Z — > Wo and let W be finite over Wo with i : Z ^> W open and dense. We thus 
obtain finite maps t' : W -» W', t" : W -> W". Note that if t' (resp. t") is a closed 
immersion, then we can choose t (resp. t ) to be a closed immersion. To fix notation, we 
let s : W — > X denote the induced structure map. 



We observe by Lemma 



2.12 



that the diagram [W W W"] has a uniform 
geometric and uniform categorical colimit in QF(X), s'" : W" — > X. We take |Z"'| to be 
the set-theoretic image of |Z'| II |Z"| in |W"'|. We claim that |Z"'| is an open subset of |W"'|. 
Since W' II W" — > W" is universally submersive, to check that |Z"'| is an open subset of 
|W"'|, it suffices to show that the preimage of |Z"'| under W' II W" W'" is precisely 
|Z'| II |Z"| (which is open). This last claim will follow if we show that the pullback of 
i' : Z' <-> W and i" : Z" ^> W" by W -> W, W" is Z. Indeed, this is nothing other than 
the definition of the colimit of topological spaces. By symmetry, it suffices to prove this 

claim f or Z ' . Now, we have canonical maps Z — > Z'xw'W — > W and since the maps |3 o a 
and P are open immersions, a:Z^Z'x W 'Wisan open immersion. We also see that 
Z^Z'x W 'W^Z'isa composition of finite morphisms thus a : Z — > Z ' x w / W is open 
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and closed. Since (3 o a : Z — > W is dense, we conclude that Z = Z' x w W. In particular, 
we have shown that the continuous map \L> X : |Z'| II|z| \Z"\ — » |Z"'| is a homeomorphism. 
Hence, we let x 1 " : U" W'" be the open immersion associated to the open subset 

\Z"'\ C |W'"| and it remains to show that [Z'" X) e QF(X) is a geometric colimit. We 
obtain a commutative diagram in QF(X): 



^ I 
W -^~W 



Z' 



(1) 



where all sides are cartesian, except for the front and back. In particular, if t' (or t") is 
a closed immersion, then the front square is also cartesian (by Lemma 2.12} , thus so is 
the back square. In particular, for every morphism of algebraic stacks Y — > X, we have a 



bijection \\> Y : |W Y | U\ Wyl \W%\ -» |W Y "| and a map \\> Y : |Z Y | H| Z 



z Y i 



— > 



By Lemma 



|2.5| 2), it suffices to show that xj^y is injective when Y = Spec K and K is an algebraically 
closed field. Note that we have the commutative diagram of sets: 



|Z Y |II|Z Y | IZyl 



\Wl\ II 



W Y | 



and from the injectivity of the map \\> Y , it suffices to prove that the map 5 Y is injective, 

is a universal Zariski colimit. 



which is obvious from the injectivity of i Y , i Y , iy'; thus Z 



To show that Z'" has the correct functions, we let m 



m' : Z' 



m 



Z" 



Z'", m : W -> W 



m 



W W" and ra" : W' 



observe that there are canonical isomorphisms: 

Z '» =i"'- | Ow«'=i'"- , (m;O w .) 



Z^ 

W" denote the canonical maps. We 



-1 (m,O w ) 



,///-! 



m'O 



w 



Hence, it suffices to show that i"' 1 Ovv = tr* Oz ' (and similarly for the other objects), 
but this is obvious from the definitions and the cartesian squares in ([TJ. □ 



2.2. Formal Schemes. Here, we will extend Theorem 2.10 to locally noetherian formal 
schemes. Denote the category of formal schemes by FSch. We require some more defini- 
tions that are analogous to those given in f 2.1 



Definition 2.13. Consider a directed system of formal schemes {3iliei/ a formal scheme 
3, and suppose that we have compatible map cpt : 3t — > 3 for every t g I. Then we say 
that the data (3>{<Pi}iei) is a 

(1) formal Zariski colimit if the induced map on topological spaces lim. |3d ~> 131 is 
a homeomorphism; 

(2) formal weak geometric colimit if it is a formal Zariski colimit and the canonical 
map of sheaves of rings 03—* limJcpij^C^ is a topological isomorphism, where 
we give the latter sheaf of rings the limit topology (this is nothing other than 3 
being the colimit in the category of topologically ringed spaces); 
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(3) universal formal Zariski colimit if for any adic locally of finite type formal 3- 
scheme 2), (2),{(<Pi)a)}i6i) is the formal Zariski colimit of the directed system 

{(30ff)}iei; 

(4) formal geometric colimit if it is a universal formal Zariski and a formal weak 
geometric colimit of the directed system {3i}iei.; 

(5) uniform formal geometric colimit if for any adic flat and locally of finite type 
formal 3-scheme 2), (2J,{(cpi)<g}i e i) is a formal geometric colimit of the directed 
system { (30 2) lie- 1- 



We have two lemmata which are formal analogues of Lemmata 2.6 and 2.7 



Lemma 2.14. Given a directed system of formal schemes {3i}igi, then a weak geometric colimit 
(3, {<Pi}iei) is a colimit in the category of topologically locally ringed spaces, thus is a colimit in 
the category FSch. 

Lemma 2.15. Given a finite directed system of locally no ether ian formal schemes {3i}iei, with a 
formal geometric colimit (3, {<Pi}igi) such that cpt is finite for all i g I, then it is a uniform formal 
geometric colimit. 

Proof. Let CD : 2) — > 3 be an adic flat and locally of finite type morphism of locally noe- 
therian formal schemes, then it remains to show that the canonical map #2) : 0<q ~ > 
U m i [( ( Pi)g)]*Of^,Oq) is a topological isomorphism. Since cpi is finite for all i, and we are 
taking a finite limit, we conclude that it suffices to show that $21 is an isomorphism of co- 
herent Ofg-modules. By hypothesis, the map $3 : O3 — > hrn (cpO^C^ is an isomorphism, 
and since CD is adic flat, CD* is an exact functor from coherent 03-modules to coherent 0<g- 
modules, thus commutes with finite limits. Hence, we see that -dm factors as the following 
sequence of isomorphisms: 

2J =£D*0 3 =jimro*[(cpi)*0 3i ] ££m[(<Pt)gL0 (3l)() . □ 

i i 

Definition 2.16. Fix a formal scheme X and let {3i}iei be a directed system of objects in 
FSch/X. Let 3 € FSch/X and suppose we have compatible X-morphisms cpt : 3i — > 3- 
Then we saythat (3>{<Pi}iei) is a uniform categorical colimit in FSch/X if for any adic flat 
and locally of finite type formal X-scheme 2), (3<g>{(<Pi)2)}iei) is the categorical colimit of 
the directed system {(3v)2)}iei in FSch/2). 

Definition 2.17. Let X be a formal scheme. Define QF(X) to be the category whose objects 
are adic, quasi-finite, and separated maps (3 — > X). A morphism in QF(X) is an X- 

morphism f : (3 —> X) — > (3' X). 

For a scheme X, and a closed subset |V| C |X|, we define the completion functor 

c x ,|v| : Sch/X -» FSch/X/iv, : (Z A X) -> (Z/,,,-1 m -» X /m ). 

Note that restricting c x ,|v| to QF(X) has essential image contained in QF(X/| V | )- 

Theorem 2.18. Let Xbe a locally noetherian scheme, suppose that |V| c |X| is a closed subset, 

and let [Z' A- Z — ■* Z"] be a diagram in QF(X) with t', t" finite. If the scheme Z'" denotes the 
categorical colimit of the diagram in Sch/X, which exists by Theorem 2.10 then cx \y\{Z'") is a 
uniform categorical and uniform formal geometric colimit of the diagram 

in FSch/X/| V |. 



[c X) | V |(Z')^c X) |v|(Z)^c X) |v|(Z") 
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For a locally noetherian scheme X, and a closed subset |V| c |X|, if a formal X/\y\- 
scheme 3 belongs to the essential image of the functor Cx |v|/ we wm sa y that 3 is effec- 
tivizable. Theorem |2 . 1 8| trivially implies 

Corollary 2.19. If X is a locally noetherian scheme, and 3 € QF(X/|v|) is obtained by pushing 
out effectivizable objects o/QF(X/|v|] along finite morphisms, then 3 is effectivizable. 



Proof of Theorem 2.18 By Lemmata 2.14 and 2.15 it suffices to show that cx,\v\[2-"') is a 



formal geometric colimit of the diagram [cx,\v\[Z') <— Cxjv|(Z) — > Cx,|v|(Z")]. We first 
show that Cx \y\[Z"') is a universal formal Zariski colimit. Let Co : 2) — > X be an adic 
locally of finite type morphism of locally noetherian formal schemes. Take 3 denote a co- 
herent sheaf of radical ideals defining |V| C |X|, then (CD -1 J)Oy is an ideal of definition of 

2J. Let X n = VCP) C X, Y n = 2J x* X n/ Z n = Z x x X n/ Z; = Z' x x X n/ Z£ = Z" x x X n , 



then by Theorem 2.10 the map of topological spaces |(Z^) Yo I U|(z ) Y I K z o')y I -> I( z o")y 



is a homeomorphism. Noting that |3qp I = I(Zo)y I (and similarly for all of the other ob- 
jects appearing), we conclude that Cxjv| (Z'") is a universal formal Zariski colimit and it 
remains to show that Cx,|v| (2"') has the correct functions. 

Let m : Z -> Z"' m/ : Z' -> Z'", and m" : Z" -> Z'" denote the canonical mor- 



phisms, then by Theorem 2.10 we have an isomorphism of sheaves of rings 4> : Oz'" - > 
m.*Oz' x m.Oz vn'jOz"- Hence, since m, m' and m" are finite, and completion is exact on 
coherent modules, by |EGA, 1, 10.8.8(i)] we have an isomorphism of coherent Cx [Z'")~ 
algebras: 

Cx .,vi(Z"') = «Oz' x mt0z m:'O z ») A = (m:Oz') A x (m , 0z) A (m"Oz») A . 

Noting that (m^0z') A = rn/*0 Cx , V| (Z') ( an d similarly for the others), we deduce that 
there is an isomorphism of coherent Cx (Z ///) -algebras: 

Oc x ,ivi(Z'") =irv'*O c v |(Z ') _ x m"*Oc x , |v| (Z")- 

m.o CxJV|(z) 

It remains to show that this isomorphism is topological (where we topologize the right 
side with the limit topology). A general fact here is that the topology on the right is the 
subspace topology of the product topology on m'*0 Cx , V ,(Z') x ra"*0 Cx m (z"}- Since 
m', and m" are all finite, considering the Artin-Rees Lemma |AM69 Thm. 10.11], one 
concludes that this is an equivalent topology to the respective adic topologies, thus we 
have the topological isomorphism as required. □ 

3. Adjunctions for Quasi-finite Spaces 

If 7t : X' — » X is a morphism of schemes, there is a pullback functor n* : QF(X) — > 
QF(X') given by (Z — > X) (Z x x X' —> X'). Similarly, if CD : X' — > X is a morphism 
of formal schemes, there is a pullback CD* : QF(X) — > QF(X'). In this section, we will be 
concerned with the construction of left adjoints to these functors. 

3.1. The adjoint pair (711,71*). To motivate the construction of 7Tj, we emphasize that what 
we're constructing is an entirely natural thing: for a morphism of schemes tc : X — > Y, we 
want to be able to take a quasi-finite and separated map Z — > X to a quasi-finite and sep- 
arated map 7ti Z — > Y in a f unctorial way. Two situations present themselves immediately 
that are worth paying closer attention to: 

(1) if 7T is quasi-finite and separated, then define 7ti : QF(X) — » QF(Y) as n (Z — > X) = 
(Z — > X ^4 Y). It is immediate that (711,71*) is an adjoint pair. 
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(2) If 7t is proper and s : Z — > X is finite, then define 7t\ (Z A X) as (Spec Y (7t, t s*0z) — » 
Y). It is clear that (7Ti,7T*) forms an adjoint pair, when we restrict n* to the full 

subcategory of QF(Y) consisting of (Z' -A Y), where s' is finite. 

For a general, quasi-finite and separated Z — > X, one can use Zariski's Main Theorem to 
compactify it to Z ^ W — > X, where W — > X is finite. One then pushes W forward to get 
a finite Y-scheme W and hopes that the image of Z in W is reasonable enough to endow 
it with an algebraic structure, taking n<Z to be this image. To get the image of Z in W to 
be sufficiently well-behaved, we need to make the following definition. 

Definition 3.1. For a morphism of schemes n : X — > Y, let QF p f (X/Y) denote the full 
subcategory of QF(X) consisting of the objects (Z A X) such that the map n o s : Z — > Y 
has proper fibers. 

The next result gives a method of producing lots of examples of objects of QF p f (X/Y). 

Lemma 3.2. For a proper morphism of schemes n : X — > Y, and (Z A Y) e QF(Y), then 
(7t*Z^X)eQF p . f .(X/Y). 

Proof. Let Spec k(tj ) — > Y be a point, then we form the following cartesian diagram: 

[n*Z) y — ^7t*Z 
\ I \ 

Xy ^X 



I 

z 



Spec k(u) — s- Y 

Since Z — > Y is quasi-finite, then Z y — » Spec k(u) is finite, thus (7T*Z) y X v is finite and 
since X y — > Spec k(u) is proper, we conclude that the composite tx*Z^>X^> Yhas proper 
fibers. □ 

Recall, that a morphism of schemes f : X — > Y is Stein if the induced map f B : Oy — > 
f * Ox is an isomorphism. We now state the main result of this section. 

Theorem 3.3. Let n:X^>\ be a proper morphism of locally noetherian schemes, then there is a 
functor ii\ : QF p f (X/Y) — > QF(Y), which is left adjoint to n*. Moreover, 

(1) if (Z A X) eQF p . f . (X/Y), then: 

(a) f/ie urzz'f of the adjunction, r\z '■ Z — > 7t*7TiZ, is finite; 

(b) ffe canonical map of schemes 7t z : Z n*n\Z — > 7tiZ fs proper and Stein; 

(c) if, m addition, s is finite, then Tt\[Z — > X) = (Spec Y (7t*s*0z) Y); 

(d) !/7T is finite, then 7ti(Z A X) = (Z ^A Y). 

(2) if (Z' — > Y) 6 QF(Y), f/zen the counit of the adjunction, ez' : 7ti7T*Z' — > Z', is finite. 



concern ourselves with its corollaries. 



We defer the proof of Theorem 3.3 until the end of this section, and will presently 



The statements in Theorem 3.3 make it already consistent with our motivation, but it is 
possible strengthen this. 
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Corollary 3.4. Consider a commutative diagram of locally noetherian schemes: 




f 

Suppose 7t, p are proper, then 

(1) iff, g are proper, there are natural isomorphisms of functors from QF p f (U/Y) to QF(Y): 

fiP! =¥ (f o p)i (tto g)i 4= Ttig,; 

(2) ff f, g are instead quasi-finite and separated, there is a natural isomorphism of functors 
from QF p f (U/Y) to QF(Y): 

71] g; fipi. 

Given a quasi-compact and quasi-separated morphism of schemes g : U — > V, then it 

has a Stein factorization: U — > Sp ec v g*Ou — > V, where g' is a Stein morphism. One 
obtains immediately from Corollary |3 ,4p | : 

Corollary 3.5. Ifn:X—>Yisa proper morphism of locally noetherian schemes, (Z' — > Y) e 
QF(Y), set Z := 7r*Z' and let nz' '■ Z — > Z' denote the induced map. There is a natural Z'- 

isomorphism {nz>)\Z — > 7tiZ. T/zws, Z — > 7t,7r*Z' Z' is canonically isomorphic to the 
Stein factorization of the morphism 7iz' ■ Z—> Z'. 

The next result is important for technical reasons, as it allows one to work flat locally. 

Corollary 3.6. Consider a commutative diagram of locally noetherian schemes, 




then if n and n' are proper, or quasi-finite and separated there is a natural transformation: 

A : 7t,'p'* ==> p*7ti. 

If the diagram is cartesian, and 

(1) ifn is proper, then A induces a finite, universal homeomorphism; or 

(2) if p is flat, then A is an isomorphism of functors; or 

(3) ifn is quasi-finite and separated, then A is an isomorphism of functors. 

Combined with the etale-local structure theorem for quasi-finite morphisms [EGA] IV, 
18.12.1] and CoroHary |3.6| the following result allows one to compute the adjunction map 
explicitly. 

Corollary 3.7. Ifn:X—>Yisa proper map of locally noetherian schemes, (Z A Y) e QF(Y), 
and \l—>Zisa quasi-finite, separated, and flat morphism (e.g. an open immersion), then there is 
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a cartesian diagram: 



lTI In 
7tl7T*U S- U 



7Tl7t*Z 



In the case that the induced su : LL — > Y is finite, we obtain a canonical isomorphism 

7Ti7T*U = SpeC Y (7T st 7t*(s U )*0u)- 

In this case, the map nu : 7ti7r*U — > U is given by the adjunction map on coherent sheaves of 
Oy-algebras: (su)*Ou — > 7t*7r* (su)*Ou- 



Before we prove Theorem 3.3 we include here for future reference a technical lemma 
that will be used frequently. First, we observe that if a quasi-compact and quasi-separated 
morphism of schemes f : X — > Y is Stein, then it remains so after flat base change on Y. If 
the morphism f is a proper and Stein morphism of locally noetherian schemes, then it is 
surjective and has geometrically connected fibers. Note that even though the property of 
being Stein is not preserved under arbitrary change of base, the properties of surjectivity 
and geometric connectivity of the fibers are. 

Lemma 3.8. Consider a commutative diagram of schemes 

X 

V \ 9 

Y : ^ Z 



where f, g are quasi-compact, quasi-separated, surjective and have geometrically connected fibers. 
If 

(1) h is integral; or 

(2) f, g are universally closed, and h has discrete fibers, 

then h is an integral, universal homeomorphism. If, in addition, f, g are Stein, then h is an 
isomorphism. 

Proof. Under both assumptions, we obtain that h is surjective, and has geometrically con- 
nected fibers. Since in either case, the fibers of h are discrete, h is radiciel. Furthermore, 
h is universally closed. By [EGA, IV, 18.12.10-11], h is an integral universal homeomor- 
phism, which proves the first claim. To prove the latter claim, it suffices to check that 
the map h' : Oz — > H.*Oy is an isomorphism of sheaves on |Z|. We may conclude the 
proof by observing that since the maps f, g are Stein, the map h" factors as the following 
composition of isomorphisms: 

O z = g*O x ^ (hof)*Q x ^h*f*O x = rwQ Y - □ 

With this result at our disposal, we return to the task at hand. 



Proof of Theorem 3.3 Let s : Z — > X belong to QF p f (X/Y) and let 23 z be the integral closure 
of Ox in s*Oz- We set Z = Spec x 23 z , and call this the universal X-compactification of 
Z, for reasons that will we make clear now. Zariski's Main Theorem [EGA, IV, 18.12.13] 
shows that j : Z — > Z is an open immersion and moreover, that there is a finite X-scheme 
t : W — > X with t : Z — > W such that i o j : Z — > W is an open immersion. We may further 
assume that t,O w c ®z- 
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Let Z = Spec Y 7t*23z, W = SpeCy-m^Ow- Note that there is a canonical map i' : 
Z' -4 W given by the inclusion of sheaves 7r*t*0w C 7t*23 z and we have the following 
commutative diagram: 



L 




Note that by construction, p and q are Stein morphisms. Since n is proper, by [EGA] III, 
3.2.1], t' is finite, and q is proper with geometrically connected fibers. One also concludes 
that p is quasi-compact, separated, universally closed, and surjective. In particular, both 
p and q are universally submersive. Furthermore, it follows that x' is universally closed 
and affine, thus by lECAl IV, 18.12.8], it is integral. 

Let |Z'| c |W'| denote the set of points of W which are the set-theoretic image of |Z| 
under q. We claim that |Z'| is open. Since q is universally submersive, it suffices to show 
that q _1 |Z'| is open in |W|. Let w' e |W|, then Z w > — > W w / is an open immersion by 
construction (where W w r is the fiber of W — > W). Also, since Z w > is proper over {w'j, 
then Z w > — > VV W ' is closed (W w / is separated). Hence, Z w > — > W w > is open and closed, 
but W W ' is connected and hence we conclude that either Z w > = or Z w > — W w '. That is, 
q _1 |Z'| = |Z| which shows that |Z'| is an open subset of |W'| and we define Z' to be the 
open subscheme of W corresponding to the open set |Z'|. In particular, we observe that 
Z' x w , W = q _1 {Z') — Z c W and so q | z : Z — > Z' is proper and Stein. Moreover, since j 
is a dense open immersion and i is separated, then, |Z| = x _1 i(|Z|). Thus, as p, q, i, i' are 
surjective, we have equalities of subsets of |Z|: 

|Z| = t-V|Z|) =t- 1 q- 1 qt(|Z[) =p-H / - 1 t'p(|Z|). 

Hence, 

V {\Z\)=x'-h' V {\Z\) =^> p^pdZI) = |Z|. 
Thus, since p is universally submersive, we conclude that p(|Z|) is an open subscheme of 
|Z |. We define 7tiZ to be the open subscheme of Z corresponding to the open subset p(|Z|). 
Note, that there is a natural map n z : Z — > 7TiZ which is universally closed, separated, 
surjective, and Stein. Moreover, since the map tc\Z — > Z' is integral, we may apply Lemma 



3.8 to conclude that the map 7TiZ — » Z' is an isomorphism of Y-schemes. Thus, {n\Z —> 
Y) € QF(Y) and 7t z : Z — > tc\Z is proper and Stein. 

To define a functor n, we must next prove that for any map f : Z — > Z° in QF p f (X/Y), 
there is a map mf : 7tiZ 7tiZ such that if g : Z° — » Z 1 is any other map in QF p f (X/Y), 
then 7ti(g of) = (7tig) o (7tif) as maps in QF(Y). 

So, let s° : Z° — > X belong to QF p f (X/Y) and suppose that we have a morphism 
f : Z — » Z° in QF p f (X/Y). Retaining similar notation used at the beginning of the proof, 

we have an open immersion Z° Z°, where Z° = Spec x 23 z o and Sz is the integral 
closure of Ox in (s°)*Ozo. First of all, we observe that the morphism f : Z — > Z° provides 
a map of sheaves f: (s°) >t O z o — » s^Oz- I n particular, since 23 z o is the integral closure of 
Ox in (s°)*O z o, then the image of any section of 2? z o in s*Oz under f is integral over Ox 
and a fortiori lies in 23 z . Consequently, the map f |s : 23 z o — » s*0 z factors through 23 z . 

Hence, associated to any f : Z — > Z° in QF p f (X/Y), there is a natural map f : Z — > Z°, 
which is integral. 
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Pushing all of this forward to Y by the morphism n, we obtain a natural map f : Z — » 
Z° and the claim is that this restricts to a map mf : 7tiZ — » n\Z°. But considering that 
7tiZ (resp. 7TiZ°) is the set-theoretic image of Z in Z (resp. Z° ), then this is certainly true 

on the level of sets, and since 7TiZ (resp. 7tiZ°) are open subschemes of z' (resp. Z° ), then 
this is clear. In particular, we can see by construction that if g : Z° — > Z 1 is another 
morphism in QF p f (X/Y), then 7Ti(go f) = (7tjg) o (7Tif). Hence, we have defined a functor 
7t|:QF p . f .(X/Y)AQF(Y). 

We now proceed to prove that [tc\ , 7t* ) is an adjoint pair. For this, we construct a pair 
of natural transformations r\ : idQp p f (x/Y) =^ e : 7Ti7T* =^> idQF(Y) such that e(7i|] o 

7ti (t|) = id n , and (7T*e) or|(7T*) = id^*. 

Let Z — » X belong to QF p f (X/Y), then by construction there is a map 7t z : Z — » 7tiZ, 
and thus a map r|z : Z — » 7t*7TiZ. In particular, this construction is natural in Z and so 
we have defined r\ : idQp p f (x/Y) =^ 7t*7i|. Note that since Z — > 7tjZ and 7T*7tiZ — » 7tiZ are 
proper, and r|z : Z — > 7T*7tiZ is quasi-finite and separated, then by [EGA, IV, 18.12.4], it is 
finite. 

Now suppose that Z' — > Y belongs to QF(Y), and let Z — > Y be the universal Y- 
compactification of Z', then if [tc*Z') is the universal X-compactification of 7t*Z', there 



— i 



is a unique map {n*Z') — > Z x y X. Pushing this all back down to Y and using adjunction 
for sheaves again, we obtain a natural map nvrCZ' — > Z', but this map factors through 
Z' Z and so we have constructed a natural transformation e : 7T17T* =^ idg F ( Y ). Sim- 
ilarly, we observe that the map £z r '■ tc\tz*Z' — > Z' is quasi-finite and separated, and the 
maps 7t*Z' — » 7Ti7t*Z' and 7t*Z' — » Z' are proper. Again, by [EGA, IV, 18.12.4], we con- 
clude that the map £z r '■ n\Tt*Z' —> Z' is finite. 

It remains to check the unit/ counit equations. Note that the first equation amounts to 
checking that 

7Tr (TJz ) e 7T, Z 

7T1Z >• 7i](n*n\Z) — '->■ 7tiZ 

is the identity map. Since e and r\ are constructed via adjunction of sheaves and then 
restricted to open subschemes, then it is clear that this equation holds. One may argue 
similarly for the other equation. □ 

Proof of Corollary \3. 4\ The proof of Q is immediate from the functoriality of pullbacks and 
the universal properties defining adjoints. For |2|, we fix (Z A U) e QF p f (U/V) 



QFp f (U/Y). By Theorem 3.3 Tb), there is a natural map p z : Z — > piZ. As f is quasi- 
finite and separated, we obtain a natural map <p : Z — > fiPiZ, which is proper and Stein. 
Also, since the composition of <J) with the structure map of piZ over Y agrees with the 
composition Z — > X — > Y, there is a naturally induced morphism Z -4 g*7T*f!piZ. By 
adjunction, there is thus a natural map \[> : TCigiZ — > fipiZ, which is quasi-finite, and 
separated. In particular, we have the commutative triangle: 



By Theorem|3.3 lb I, the map 7t 9 ! is proper and Stein, thus by Lemma 3.8 i]> is an isomor- 



phism of schemes. □ 
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Proof of Corollary 3.6 The existence of the natural transformation is a standard property 
of adjoints, so we omit the proof. Since |3} is obvious, we concentrate on |T]| and Q. So, 
let (Z A X), then we obtain from this data a commutative diagram: 





where the bottom, top, front and back squares are cartesian. The map 7t'p'*Z — > p*7tiZ 
is quasi-finite (thus has discrete fibers), and by Theorem 3.3 lb}, the map p'*Z — > 7T,'p'*Z 
is proper and Stein. Also, by Theorem |3.3||lb) , p'*Z — > p*7tiZ is proper and has geomet- 
rically connected fibers (if p is flat, this map is in addition Stein), as it is the base change 
(resp. flat base change) of the proper and Stein map Z — » TtiZ. By Lemma 3.8 the map 
7t[p'*Z — > p*7tiZ is a finite, universal homeomorphism (resp. isomorphism). □ 



Remark 3.9. Theorem 3.3 and its corollaries readily extend to representable morphisms of 
algebraic stacks. Using the results of Faltings [Fal03j, Olsson [Ols05J, and Conrad llConl it 
is also possible to extend these results to non-rep resentable morphisms of algebraic stacks. 



3.2. The adjoint pair (cDi,cd*). As in S3.1 for a quasi-finite, separated, and adic mor- 
phism CD : X — > 2) of locally noetherian formal schemes, the functor COj : QF(X) — > QF(2)) 

which sends (3 -A X) to (3 mocT > 2)) G QF(2)) is left adjoint to CD*. The purpose of 
this section is to construct, for a proper and adic morphism of locally noetherian formal 
schemes CD : X — » 2), a left adjoint to CD*, and extend all of the results of {3.1 to locally 
noetherian formal schemes. In particular, we start with the following 

Definition 3.10. Let X be a locally noetherian formal scheme. For an adic morphism of lo- 
cally noetherian formal schemes CD : X — > 2J, let QF p f (X/2J) denote the full subcategory 

of QF(X) consisting of those objects (3 — * X) with the composition 3 — ■> X —t 2) having 
proper fibers. 



There is a formal analog of Lemma 3.2 which says that if CD : X — > 
and (3' -> 2J) g QF(2J), then cd*(3' -> 2J) G QF p . f .(X/2J). 

We say that a map of locally noetherian formal schemes f : X 
induced map 0<g — » f*0^ is a topological isomorphism. 



2J is adic and proper, 
— > 2J is Stein if the 



Example 3.11. If 2) is a noetherian formal scheme, let 3 be an ideal of definition. Consider 
an adic and proper morphism CD : X — > 2) and let CD n : X n — » Y n denote the proper 
morphism of schemes induced by pullback of f by the morphism Y n := V(3 n ) — > 2). If 
CD n is Stein for all n, then CD is Stein. Indeed, by HEGAj III, 3.4.4] there is a topological 
isomorphism 

cd^O* = lim( CD rO.Ox,, =limO Y „ = Gjj,. 



THE HILBERT STACK 



21 



Note that it is does not follow that if CD : X — > 2J is an adic, proper, and Stein morphism, 
then CD n : X n — > Y n is Stein. We now have the formal analog of Theorem 3.3 



Theorem 3.12. Let CD : X — > 2) be a proper, adic, morphism of locally noetherian formal schemes 
There is a functor CD; : QF p f (X/2J) — > QF(2J), which is left adjoint to CD*. Moreover, 

(1) if (3 A X) eQF p . f .(X/2J), then: 

(a) ffte unit of the adjunction, rj3 : 3 — > cd*cdi3/ is finite; 

(b) the canonical map of locally noetherian formal schemes CD 3 : 3 — 
is proper, adic, and Stein; 

(c) if, in addition, a is finite, then CDi(3 X) — (Spf™ (cd* (1*03) - 

(d) if CD zs/mzfe, f/zen cd, (3 X) = (3 2J). 

(2) if (3' — > 2)) e QF(2J), f/ien t7xe coimz'f o/f/ie adjunction, £3/ : CDiCD*3' — » j', is finite. 



CD*CD.3 CDi3 

2)); 



As in j |3.1| we will defer the proof of Theorem |3.12 until the end of this section, and 
focus on the implications. 

Corollary 3.13. Consider a commutative diagram of locally noetherian formal schemes: 

a 

it— -^x . 




Suppose CD, p are adic and proper, then 

(1) iff, g are adic and proper, there are natural isomorphisms of functors from QF p f (it/2)) 
toQF(2J): 

f,pi => (f o p), <=> (CD o g)| <^= CDig,; 

(2) iff, g are instead adic, quasi-finite, and separated, there is a natural isomorphism of func- 
tors from QF p . f .(il/2J) to QF(2J): 

CDi gi fipi. 

Corollary 3.14. If CD : X — > 2) is a proper morphism of locally noetherian formal schemes, 
(3' — > ?J) e QF(2}), set 3 := ©*3' and let ©3- : 3 — > 3' denote the induced map. There is a 
natural 3 '-isomorphism (CD3')i3 — > ©i3. T/iws, 

" + 3' 



3 > ©!©'3' 

z's canonically isomorphic to the Stein factorization of the morphism ©3' : 3 — > 3'- 
Corollary 3.15. Consider a commutative diagram of locally noetherian formal schemes: 

v' 




then if CD and CD ' are adze and proper, or adic, quasi-finite, and separated, there is a natural trans- 
formation: 

A : ©,'p'* =¥ P*£Di. 

Jf z7ze diagram is cartesian, and 
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(1) if CO is proper, then A induces an adic, finite, universal homeomorphism; or 

(2) if p is adic and flat, then A is an isomorphism of functors; or 

(3) if CD is adic, quasi-finite, and separated, then A is an isomorphism of functors. 

Corollary 3.16. If CD : X — > 2) is a proper and adic map of locally noetherian formal schemes, 
(3 — » 2)) € QF(2J), and il — > 3 is an adic, quasi-finite flat morphism, then we have a cartesian 
diagram: 



CDiCD*il ■ 



¥ 

CDiCD*3 



•il. 



¥ 





If the composition cry : il — > 2J is finite, there is a canonical isomorphism 

CDiCD*il = Spf^ ( CD * CD *{ua)* On) 
swc/z t/iflt t/ie map r|u corresponds to the adjunction map on coherent sheaves of O^-algebras: 

(Ou^Ou -> CD*CD*((J u )*Oii. 



We now return to the task of proving Theorem 3.12 



Lemma 3.17. Let X be a locally noetherian formal scheme and let il — > X be an adic, locally 
quasi-finite, and separated morphism, suppose that [D\ =t it] is an adic fppf equivalence relation 
over X such that — > it x % il is a closed immersion, then this equivalence relation has a uniform 
formal geometric quotient 3 which is adic, locally quasi-finite, and separated over X. 

Proof. Let 3 be an ideal of definition for X and denote Xj = V{3), Uj = il x# Xj, and 
Rj =5HxjXj. Then, the hypotheses ensure that [Rj =^ Uj] is an fppf equivalence relation 
over Xj. We observe that the quotient of this fppf equivalence relation in the category of 
algebraic spaces is a scheme Zj, as it is locally quasi-finite and separated over Xj. This quo- 
tient is also a uniform geometric quotient, and regarding the objects as locally noetherian 
formal schemes one sees that it is, in fact, a uniform formal geometric quotient. Note that 
for any other ideal of definition 3 D J there is a natural isomorphism Zj XjXj = Zg, thus 
the directed system {Zj}j is adic over X. Taking the colimit of this system in the category of 
topologically ringed spaces, produces a locally noetherian formal scheme 3/ which is adic, 
locally quasi-finite, and separated over X, and is a uniform formal geometric quotient of 
the given equivalence relation. □ 



Proof of Theorem 3.12 Let 3 be an ideal of definition for 2), let Yj = V(J), then Yj is a locally 
noetherian scheme and we take Xj = X x <g Yj, and since CD is adic, CDj : Xj — > Yj is a proper 
morphism of schemes. If 3 C 3 is another ideal of definition we obtain a commutative 
square: 



X, 



CO 3 



Y 3 c 



1-3 3 



Ya 



Let (3 — > X) belong to QF p f {X), then we observe that by Corollary |3.6{ there is a natural, 
finite universal homeomorphism: 



tag n^ghZa 
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Let 3C denote the largest ideal of definition of 2) and for any other ideal of definition 3 of 
2J, let ]j — )xj/ then by the above, the map jj is a homeomorphism. Define the topolog- 
ically ringed space CD (3 to be the weak formal geometric colimit of the directed system 
{(cDjJiZjjj, and note that we are yet to show that CD 1 3 is a formal scheme. Explicitly: 



0:3 = (KroxjiZjckjim^ 



0, 



0> 



with the topology on the sheaf of rings given by the induced limit topology. There is 
also a unique morphism of topologically ringed spaces t : CD i3 —> 2J. We will show that 
CD|3 € QF(2}) for any 3- To prove that CDi3 is a formal scheme, it does not suffice to 
apply 1EGA1 1, 10.6.3], as the directed system defining CDi3 is not, in general, a sequence 
of nilimmersions. 

Fix y e |2J| = lYad. By (EGA] IV, 18.12.1], there is an etale neighborhood (Y^y ,y x ) -> 
(YxjU) such that {{cd x )'.Z.dc) x y x ^oc,y has an open and closed subscheme Ux,y containing 
the fiber over y such that U-x,y — » Yx,y is finite. Using IIEGA1 IV, 18.1.2], we see that for 
any ideal of definition 3 of 2J, one produces a unique etale morphism (Yj jy ,yj) — > [Yj,y) 
lifting the morphism [Yx,ytyx) — * [Yoc,y)- In particular, one obtains a unique, open 



and closed subscheme Uj, y 



{{C0j)\Zj) Xy, Yj^ lifting the finite Y;jc,y-scheme U 



Note, that for any inclusion of ideals of definition 3 C 3, there is a canonical isomorphism 
Yj xj) Yg ; y = Yj iy and we let 2)y be the locally noetherian formal scheme lim ^ Yj^. For a 
fixed ideal of definition 3, consider the induced commutative diagram: 



-3,y 



X 



J,y 




where every square is cartesian, except for the squares at the front and back right. Note 
that the bottom square is cartesian by Corollary |3.6| We deduce from here that the map 
cj^y : Uj v — » Uj >y is proper and Stein and so Ou 3 , y = [<5>3,y )*0u^ ^ ■ In particular, since 

lirrij Xj,y -scheme by [EGA, 

I, 10.6.3], we deduce that u y : — > 2) y is an adic, proper morphism of locally noe- 
therian formal schemes. By IIEGA1 III, 3.4.2], (Uy)*0u/ is a finite 0™ -algebra and an 
application of [EGA] III, 3.4.4] shows that there is a topological isomorphism (uy )*0y/ = 
lim q (uj ; y )*0 U ^ . Thus, we define the finite 2J y -scheme il y 



lirri j y is a locally noetherian formal finite Xy 



sp% y (uy: 



.On/ / and we 



conclude that it is the formal weak geometric colimit of the directed system {Uj^Jj. 

Let 2) = Uygi^i 2) y . Note that 2) — > 2) is adic etale and surjective, set 2J 2 = 2) x<g 2J. 
Now take X = 2) x 2J X, X 2 = 2) 2 ^x 2 j X. Take CD : X -» 2J and CD 2 : X 2 -» 2J 2 to 
be the induced maps. Further, set 3 = X Xj 3/ 3 2 = X 2 Xj 3 and we obtain an adic 
etale equivalence relation [3 2 =4 31- By Lemma 3.17 it is clear that 3 is a uniform formal 
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geometric quotient of this equivalence relation. We also have that (CDj)iZj is the uniform 



geometric quotient of the equivalence relation [(Q 2 )iZ 2 =4 (CDj) 



that CD 1 3 is the quotient of the equivalence relation [cd 2 3 2 

L 

topologically ringed spaces. Note that since we have not yet shown that CD;3 and cd?3 
are locally noetherian formal schemes which are adic, locally quasi-finite, and separated 
over 2J, we are not in the situation to apply Lemma |3.17 we will, however, slice this 
equivalence relation, so that we can. 

For any ideal of definition J of 2), we set Uj = y e|2)| Uj, y , m d observe that Ug — > 
(CD 3 ) iZj is an etale surjection. Let s 3 , t 3 : (CD 2 )iZ 2 



Zj] and so one concludes 
s CD 1 3] m me category of 



then if we set Rj = s, (Uj] nt, (Uj], then [R 



(eDjjiZj denote the two projections, 
Uj] is an etale equivalence relation, 



and the scheme ( CD 3 ) 1 Zj is a uniform geometric quotient of this equivalence relation. Next, 
we let Rj C Zj and Uj C Za denote the preimages. In particular, the etal e equ ivalence 



relation [Ri 



Uj] has geometric quotient the scheme Zj. By Corollary 



3.5 



we have 



(cDj)iUj = U3 and (cd 2 )iRj = Rj. Hence, [cdj)\Zj is the uniform geometric quotient of the 

~ S3 ~ 

etale equivalence relation [(ojJjRi j. {{D 3 ),Uj] . 



Define it := lim^ Uj = O y e|sg| c 5,1 3' wmcn is a clopen subspace, a locally noe- 
therian formal scheme, that is adic, locally quasi-finite, and separated over 2) . Next, take 
D\ := lim^ R3 = s _1 (it) n t _1 (il) c cd 2 3 2 , then as topologically ringed spaces, we have: 

m= U s-^ityjnt-Viiyj. 

Repeating the arguments showing that il y is a locally noetherian formal scheme, which 
is finite over 2), one concludes that s (ily ) (resp. t _1 (ily )) is a locally noetherian formal 
scheme for all y e |2)|, which is finite over 2) 2 . In particular, we conclude immediately 
that 9\ is a locally noetherian formal scheme that is adic, locally quasi-finite, and separated 
over 2). Moreover, the maps s, t : 9\ — > il are adic etale, surjective and we obtain an adic 
etale equivalence relation [9K =4 il]. By Lemma 3.17 this equivalence relation has a uni- 
form formal geometric quotient, 2J, which is a locally noetherian formal scheme, adic, lo- 
cally quasi-finite, and separated over 2). Note that the topological space |QJ| = \{cd^)\Zjc\ 
is quasi-compact and so 03 € QF(2)). Further, by Lemma 2.14 we have isomorphisms of 
topologically ringed spaces: 



CDi3 = lim(cpj) 

3 



<Zj = lim lim 

j 



CD^ 



,R 3 



= lim 



lim S3 

lim (CD 2 ), R 3 — ^ lim (q 3 

>J lim t 3 >J 

>3 



,u 3 



lim 



03. 



Since the colimits appearing above were all weak formal geometric colimits, we have 
shown that CD 1 3 is a locally noetherian formal scheme, and is the weak formal geometric 
colimit of the directed system {[cOj)[Zj}j. By Lemma 2.14 we conclude that CD;3 is the 



categorical colimit of its defining directed system in QF(2)). Also, there is an adic, proper, 
surjective, and Stein map CD 3 : 3 — > G>i5- 
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We now check that 3 >— > CDi3 defines a functor. So, given a morphism 3 — > 3°/ there 
is a canonical morphism fj : Zj — > Z° for any ideal of definition J of 2). Since (Qj)i is 
a functor, we obtain a morphism (CDjJifj : (CDj)iZj — > (CDjJiZj. Taking the categorical 
colimit of this family of morphisms in QF(2)) produces a morphism of formal schemes 
CD if : CD|3 — > CDi3°- That this construction respects composition is immediate from the 
f unctoriality of ( CD j ) i . 

To show that (eDi,£D*) is an adjoint pair, let 3 € QF p f (X/2)) andS 1 € QF(2J),then 

Hom QF(aj) (q, 3, 3 1 ) =Hom QF( g ) (lim(cD3),Zj,3 1 ) = limHom QF( 2 1) ((cD 3 ),Z a ,3 1 ) 

= limHom OF(Yl1 ((cDj)iZj,Z^ = limHom OFp f (Xl/Yll (Zj, (cDj)*Z;5) 



limHom QF (;e/ 2, ) (Z3,cd*3 1 ) = Hom QF (3t/sg) (3, G)*3 1 )• 



The remainder of the claims are easily verified, so they are omitted. □ 



Before we prove Corollary 3.15 we require a basic result on adic, proper, and Stein 



morphisms of locally noetherian formal schemes. 

Lemma 3.18. Let CD : X — > 2J be a proper, adic, morphism of locally noetherian formal schemes. 
Given an adic flat map p : 2}' — > 2J of locally noetherian formal schemes, let CD' : X' -4 2J' be 
the pullback of CD by p. Lef $ be a coherent Ox-module. Then the base change homomorphism 
p*CD*5 r — > ®*p'*t? zs fl topological isomorphism. In particular, proper, adic, Stein morphisms are 
preserved under adic flat base change. 

Proof. Note that this result is well-known for the case of a morphism of noetherian schemes. 
For the formal case, we are unaware of a reference. By |EGA. Ill, 3.4.5.1], the statement is 
Zariski local on 2J and 2) ', so we may assume that 2) = Spf l R for some I-adic noetherian 
ring R, and 2)' = Spf IR , R' and R — > R' is an adic flat morphism of adic noetherian rings. 
In particular, we observe that R — > R' is a flat morphism of abstract rings. We need to 
show that the morphism r(X, 30®rR' — > HX'jp'*^ is a topological isomorphism. By 
llEGAl III, 3.4.2], the modules r r(X',p'*S) are coherent R '-modules, thus to show 
that the map is a topological isomorphism, by IIEGA1 1, 10.11.6], it suffices to show it is an 
abstract isomorphism of R '-modules. This is covered by | AJL99 . Prop. 1.7.2]. □ 

Lemma 3.19. Consider a commutative diagram of locally noetherian formal schemes: 

X 

V \ 9 

2)^-3 

where f, g are adic, proper, surjective, and have geometrically connected fibers. Ifh is quasi-finite, 
then it is a is universal homeomorphism. If, in addition, f, g are Stein, then h is an isomorphism 
of formal schemes. 



Proof. By restricting to the underlying reduced closed subschemes, the first claim follows 
from Lemma l3.8l The latter claim is obvious. □ 
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Proof of Corollary [3. 1 5\ We note that |3]l is clear, and concentrate on Q and |2}. As in the 
proof of Corollary|3.6} for (3 — > X) G QF p f (X/2)) we obtain a commutative diagram: 



a>fp'*3 




We note that the base change map CD,'p'*3 — > p * CO 1 3 is quasi-finite. Moreover, by Theorem 
3.12 lb}, the map p'*3 CD 'p'*3 is adic, proper, Stein, surjective, and has geometrically 
connected fibers. Similarly, we conclude that the map p'*3 — > p * CD 1 3 is adic, proper, 
surjective and h as geo metrically connected fibers, and if p is flat the morphism is also 
Stein by Lemma 3.18 By Lemma 3.19 the base change map A : co'p'*3 — > p*CD;3 is a 
finite, universal homeomorphism and is an isomorphism if p is flat. □ 

3.3. The Theorem on Formal Functions. Let n : X — > Y be a proper morphism of locally 
noetherian schemes, let | V| C |Y| be a closed subset, then there is a 2-commutative diagram 
of categories: 



QF(Y) 



Y 

QF(X) 



■QF(Y/| V |) 



•QF(X /7t -i| V |] 



From this, we obtain a natural transformation of functors from QF p f (X/Y) to QF(Y): 



7t,|V| 



: 7ti o C/„-i 



/7I-1 |v| 



VIV| 



o 7Ti . 



Theorem 3.20 (Formal Functions). Suppose that n : X — > Y is a proper morphism of locally 
noetherian schemes and let |Vj c |Y| be a closed subset, then | V | zs an isomorphism of functors. 
That is, for any Z in QF p f (X/Y), there is a natural isomorphism 

7T,Z — > (tt,Z) a . 

Proof. Let 3C<Oy denote the unique radical ideal with support | V|; this is the largest ideal of 
definition for the locally noetherian formal scheme Y/|v and any other ideal of definition 
for Y/| V | is given by an ideal 3 c OC with support |V|. For any ideal of definition J, we 
set Yj = V(J), Xj — X Xy Yj, and denote the induced map as nj : Xj ~ -> Yj, also let 
Zj = Z Xx Xj. By Corollary |3.6| l|, there is a natural, finite, universal homeomorphism 

By the construction in Theorem 



(7tgc)lZgc (TTa)iZj 



3.12 



we see that 7tiZ is the 

topologically locally ringed space {\{noc)\Zx\,]im 3 jj ' Ofmi.zJ- Also, (7tiZ) A is defined 

as the topologically locally ringed space (|(7iiZ)3c|, n ,z)- The map O : fciZ (7tiZ) A is 
on the level of topological spaces |0| : \{n x )[Zjc\ —> |(7TiZ)gd, which is a finite, universal 
homeomorphism by Corollary |3.6|l| . On the level of sheaves of topological rings, the 
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map is O" : Q n ,z — > ®* ^im^ h 1 0(tt 3 )iZ 3 - By Theorem 3.3 lb), we have natural, proper 
and Stein morphisms 7t z : Z — > 7TiZ and Tt^ 3 : Zj — > (njjiZj so there are isomorphisms 
of sheaves ni z = (7t z )*0z and 0(7t 3 ),z 3 — ( 7tZ: ')*Oz3- Thus, the map on sheaves of 
topological rings is seen to be 

(<0 Z ) A — > O*lim)-V Z3 )*0z 3 , 

3 

which is a topological isomorphism by [EGA] III, 3.4.4]. □ 

4. The Existence Theorem 

Definition 4.1. For a morphism of algebraic stacks n : X — > Y, let QF p (X/Y) denote the 
full subcategory of QF p f (X/Y) consisting of those (Z — > X) such that the composition 
Z — > X — > Y is proper. 

Let R be an I-adic noetherian ring, set S = Spec R, S n = Spec R/I n+1 . Further, suppose 
that 7t : X — > S is a morphism of locally noetherian algebraic stacks. We set X n = X x s S n 
and let n n : X n — » S n denote the induced morphism. Consider the I-adic completion 
functor 

: QF p (X/S) — » limQF p (X n /S n ) :(2^X)H(Zx s S n ^ X n ) n > 0) 

TL 

where the category lim^ QF p (X n /S n ) is the 2-categorical limit of the inverse system of 
categories {QF p (X n /S n )} n >o- The purpose of an existence theorem is to provide suffi- 
cient conditions on the morphism n : X — > S for the functor W n j to be an equivalence of 
categories. 

In the case that the morphism X — > S is locally of finite type and separated, the category 
QF p (X/S) is equivalent to the category of finite algebras over X with S-proper support. 
A consequence of [Ols05, Thm. 1.4] is that the functor is an equivalence. In full 
generality, we have the following 

Lemma 4.2. Let S be the spectrum of an l-adic noetherian ring R. Consider a locally of finite type 
morphism of algebraic stacks n : X — > S, then the functor is fully faithful. 

Proof. Consider objects Z, Z' e QF p (X/S) and an adic system of morphisms (f n )n>o : 
(Z n ) n >o — > (Z^) n >o. In particular, (f n )n>o is an adic system of finite morphisms to a 
proper S-stack, so by [Ols05 Thm. 1.4], there is a finite S-morphism f : Z — > Z' such 
that for every n > 0, there is a 2-isomorphism fg n = f n . We must now show that f 
is automatically an X-morphism, which will follow if we can prove that given two S- 
morphisms s, t : Z — > X such that for every n > we have a 2-isomorphism sx^ = tx n , 
then s = t. One works smooth locally and considers the induced morphisms of formal 
schemes, to apply |EGAl I, 10.9.4] and concludes that s = t on an open subset of the 
stack Z, which contains the closed fiber. Since the stack Z is S-proper and S is I-adic, we 
conclude immediately that s = t on the stack Z. Thus, we have shown that the functor 
m n ,i is full. To obtain the faithfulness, we suppose that we have two finite X-morphisms 
f, g : Z — > Z' such that we have an equality of morphisms (^ / 7t ,i)*(f) = (W^ i ) * ( g ) in the 
catego ry |im ^ QF p (X n /S n ), then we have to show that f = ginQF p (X/S). Once again, we 
apply IIEGA1 1, 10.9.4] and conclude as before. Thus, the functor W n j is also faithful. □ 

Definition 4.3. For a morphism of algebraic stacks n : X — > Y, define the category 
QFp, fin a (X/Y) to be the full subcategory of QF p (X/Y) consisting of those objects (Z — > X) 
such that the composition of morphisms Z — > X — > Y has finite diagonal. 
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Remark 4.4. In the case that the morphism of algebraic stacks n : X — > Y has affine stabi- 
lizers, then we have an equality of categories QF p fin A (X/Y) = QF p (X/Y) — this holds in 
particular for schemes, algebraic spaces and stacks with quasi-finite diagonal. 

Retaining the notation used above, there is an induced completion functor: 

: QF p)finA (X/S) — > limQF p 

.fin. A 

(X n /S 

n 

What follows is the main result of this section. 

Theorem 4.5. Let R be an l-adic noetherian ring, set S = SpecR. If the morphism of algebraic 
stacks 7t : X —t S is locally of finite type with quasi-compact and separated diagonal, then the 
functor V rt i is an equivalence. 

The new content is the removal of the separation hypothesis. In particular, this recovers 
the consequences of |Ols05 Thm. 1.4] for all locally of finite type morphisms of algebraic 
stacks 7t : X — » S with affine stabilizers. Some interesting special cases of this are: 

(1) global quotient stacks; 

(2) stacks with quasi-finite diagonal; 

(3) algebraic spaces; 

(4) schemes. 



We will prove Theorem 4.5 in the case of a finite type morphism of schemes using a 
method of devissage twice — once to handle the case of schemes, and the second to handle 
algebraic stacks. These methods will require a number of lemmata to set up. We start 
with a variant of the Artin-Rees lemma. 

Lemma 4.6. Let ^Qbea noetherian formal scheme. Consider an inclusion of coherent 0%-modules 
vj' C vJ such that for a coherent ideal 3 < Osj we have 33' — [0). Then there is a k > such that 
(2 k S) n r = (0). 

Proof. Since 2) is quasicompact, this is Zariski local on 2). Then it is simply a matter of 
applying the Artin-Rees Lemma | AM69 . Cor. 10.10]. □ 

Let f : 3' — > 3 be a finite morphism of locally noetherian formal schemes. We denote 
the induced map on sheaves of rings by f " : O3 — » f*G3/. As is customary, we will define 
the conductor ideal of f to be € f :— Ann 03 (f^O^y/C^). 

Lemma 4.7. Suppose that X is a noetherian scheme, |V| c |X| a closed subset. Consider a com- 
mutative diagram of noetherian formal schemes: 

3'- ^ -3 



X/|v| 

where s, s' are adic, quasi-finite, and separated; f is finite, surjective, and 3' is effectivizable. If 

(1) there is a coherent ideal 3 < O3 such that 3 n kerf 11 = (0) and V[3), V(03') are effec- 
tivizable, then there is a unique factorization of i: 3' — > 3" — > 3 such that (3 is finite, 

surjective, (3" : O3 — > P*C>3" is injective, 3" is effectivizable, the formation ofJ>" — > 3 
commutes with flat base change on X, and £ f c <£p; or 

(2) there is a coherent Q x -ideal 3 such that ker f " and coker f ' are annihilated by J3, and 
V(Jjj ) is effectivizable for all n > 1. Then 3 is effectivizable. 
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Proof. For |TJ, we define 3" to be the colimit of the dia gram [V(0) <— V[3 

and Corollary 



3'] in 

QF(X /| V | ), which exists and is effectivizable by Theorem 2.18 and Corollary 2.19 There is 

an induced factorization 3 ' — > 3 " — > 3 which commutes with flat base change on X. It 
remains to show that the map (3" is injective. This is a local problem, so we may assume 
that 3 = Spf, A and 3' = Spf IB B for some finite map G : A — > B of noetherian rings, 
where B is IB-adic. We write J = HSpfj A, 3), K = ker G, and Theorem 2.18 implies that 
3" = Spf I( (A/J x B/B j B), where I' is the ideal generated by I in A/ J x B / B j B. Thus, 
we have to show that the finite map of rings b : A — > A/J x B / B j B is injective, which is 
obvious, since J n K = (0 ). It is clear that coker b = BJ/J and so £ G C £b- 

For j2j, by Lemma 4.6 we may replace J3 by some power such that ker f" n J3 = (0). By 

Q, there is a factorization of f : 3 ' — > 3 as 3 ' — > 3 " — > 3/ where 3 " is effectivizable, the 
map of formal schemes |3 is finite and surjective, |3" injective, and coker |3* is annihilated 
by 33. In particular, since J 3 C Cp, then there is a cocartesian diagram of formal X- 
schemes: 



V(3 2 



VIV| 



3" 



T 
3- 



By Corollary 2.19 we conclude that 3 is effectivizable. 
We have a simple lemma that will be used shortly. 



□ 



Lemma 4.8. Let R be an l-adically complete noetherian ring. Define V = Spec R and V = Spf l R. 
Let 3 — > V be a quasi-compact and adic morphism. Fix a coherent sheaf $ on 3- Let p be an open 
prime ofR, and let R' be the p-adic completion of R p . Take V' = Spf IR , R'. Suppose that #0, = 
on 3 V /, ffren there is an open neighborhood it ofv = [p] £ V smc/z f/zaf 3xi = on 3u- 

Proo/ Let V = Spec(R/I), = Spec(R'/IR'), Z = 3 x 9 V , and F = 5 \z - Next, ob- 
serve that R'/IR' is the completion of R p /IR p with respect to the p-adic topology and thus 

Rp/IRp -> R'/IR' is faithfully flat. Hence, if W = Spec(Rp/IR p ), then since F \(z \ , = 0, 



we have Fo l(z ) w = ^- m particular, it follows from the result for schemes, that there is 
an open neighborhood Uo of v in Vo such that Fo l(z ) u = 0. One now obtains from Uo 

a formal open subscheme il of V such that of $ \u to (Zo)u is 0- Since 3n is a noetherian 
formal scheme and 5 lu is coherent, then g \u— on 3u- □ 



This next result is the analogue of IIEGA1 III, 5.3.4] to our situation, and addresses the 
existence of an effectivizable formal scheme 3' which would be used in Lemma [4. 7| 

Lemma 4.9. Let Y be a noetherian scheme, t : Y' — > Y a proper morphism, and let U c Y be an 
open subset such that t _1 U — » U is an isomorphism. Let 3 < Oy be such that supp(OY/3) c = U. 
Further, suppose that |V| c |Y| is a closed subset, and let t : Y' — > Y denote the induced map on 
completions along |V|. If ((£ — > Y) € QF(Y), Zef ri : tit* £ — > £ denote the adjunction morphism, 
then there is an n > smc/i tot f/ie kernel and cokernel of the map Of — > "H*G^ z's annihilated 

by the O^-ideal 3%- 

Proof. Since Y is quasi-compact, the result is local on Y for the Zariski topology. So, we 
may assume that Y = SpecR, 3 — }, for J < R and let I be an ideal defining |V| c |Y|. 



30 



JACK HALL AND DAVID RYDH 



Let R denote the I-adic completion of R, then we are free to replace R by R and we con- 
sequently assume that R is I-adic. Since R is I-adic, then any open neighbourhood of 
|V| = |Spec(R/I)| is all of SpecR. Thus, it suffices to exhibit for every y e |V|, an open 
neighbourhood Y y of y such that the result is true on the Y y . By Lemma |4.8| combined 



with 3.15 we may thus assume that R is local and maximal-adically complete. 

We now proceed to prove the result by induction on dim R = n. In the case that n = 0, 
then R is local artinian, and the result is trivial. Otherwise, assume that n > 0, and we 
have proven the result for all complete local rings S with dim S < n. Note, that by what 
we have proven in the previous paragraph, the inductive hypothesis ensures that we 
have proven the result for all noetherian schemes Y such that all the local rings of Y have 
dim < n. Now, since R is maximal-adically complete, then R/I n is maximal-adically 
complete for any n > and so if E n = £ x Spfi R Spec(R/I n+1 ), by lEGAl IV, 18.12.3], 
there is a decomposition E n = II V 2 , where — > E n is finite, contains the special 
fiber, and V 2 is disjoint from the special fiber. These decompositions are compatible, in 
the sense that xt n E n _i = V 1 l v _ 1 for i = 1, 2 and all n > 1 and so we find that there is 
a decomposition of the formal scheme (£ = 23 1 II 2J 2 such that 03 1 is finite over Spf j R and 
53 2 misses the special fiber. 



Combining Corollary 3.16 with [EGA . Ill, 5.3.4] applied to 93 1 -> SpecR we see that 



there is a k such that 3^,, annhilates the kernel and cokernel of the map Ogji — > n* 0^, t*aj' • 
Now note that 23 2 — > W := (Spec R) — {m}, where m is the maximal ideal of R, and since W 



is a n oetherian scheme with all local rings of dimension < n, applying Corollaries 3.14 and 
3.15 to 23 2 — » W we may use the inductive hypothesis to obtain that annihilates the 
kernel and cokernel of this map (by possibly increasing k). Thus, since = Ogji x 0^2, 
we find that there is an k such that 3g annihilates the kernel and cokernel of the morphism 

Oe -» TU<%E. e . □ 

Let 7t : X — > S be a locally of finite type morphism of locally noetherian schemes, let 
tEi : Xi — > S denote the I-adic completion. In particular, we define QF p (Xi/S) as the full 
subcategory of QF(Xi) consisting of those (3 — * Xi] such that tEj o cr is adic proper, then 
we obtain an equivalence of categories: 

QF p (X x /S) -> }imQF p (X n /S n ). 

TL 

By abuse of notation, we will consider, W n j to be a functor with target category QF p (Xj/S). 
It will sometimes be convenient to abuse notation, and suppress the subscripted I in the 
definition of Xj. 

Proposition 4.10 (Birational devissage). Let n : X — ) S be a morphism of noetherian schemes, 
such that for any closed subscheme V w X, there is a proper, birational (on V) morphism ty : 
V — » V for which ¥ TOTV) i is an equivalence, then W n> i is an equivalence. 

Proof. First, let iy : V «— » X be a closed subscheme, then there is a commutative diagram 
of categories: 

QF p (V/S) Wlv °-' > QF p (V/S) . 
QFp (X/S) — ->- Q Fp (X/S) 
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The vertical maps are fully faithful inclusions of subcategories. We observe that the es- 
sential image of the functor (i v ) , is described by those objects (3 — * X) € QF p (X/S) such 

that the natural map (iy) , (iy) 3 — > 3 is an isomorphism. Similarly for the essential image 
of ly. 



By Lemma 4.2 it suffices to prove that the functor W n i is essentially surjective, which 
we will show by noetherian induction on the closed subsets of X. More precisely for a 
closed subset |V| <—t |X| we will consider the statement P(|V|): for any closed subscheme 
iw : W <— > X with |W| c |V|, then the functor Wnoxwj is essentially surjective. Since 
P(0) is trivially true, by the principle of noetherian induction, the result will follow if we 
can show that if the statement P(|V'|) is true for all proper closed subsets |V'| C |V|, then 
the statement P(|V|) true. The statement of the lemma allows us to equivalently prove 
the following: if the functor ^Unoxy,! is essentially surjective for any closed subscheme 
iy : V — > X such that |V| C |X|, then the functor V n j is an equivalence. 

We let 3 := (3 — ■> X) be an object of QF p (X/S) such that for any closed subscheme 
iy : V «-» X, with |V| C |X|, the map (iy),(iy) 3 3 is not an isomorphism, and by 
noetherian induction, it remains to show that there is a Z in QF p (X/S) such that Z = 3- 

By assumption, there is a proper and birational morphism of schemes T : X' — > X 
which is an isomorphism over an open subscheme ] : U <— » X, and the functor ^f no x I is 
an equivalence. Now define the closed subset |D| = |U| C c |X|, and take i : D — > X to 
denote the inclusion of a subscheme D, supported precisely on |D|, with coherent ideal 



sheaf 3- By Lemma 4.9 there is an n > such that the 03-ideal $3 annihilates the kernel 
and cokernel of the map O3 — > r\*0^,^^, where r\ : TiT*3 — > 3 is the adjunction map. 
Next, observe that the formal scheme x*3 belongs to QF p (X'/S) and by hypothesis, there 



is an E in QF p (X'/S) such that E = t*3- Furthermore, Theorem 3.20 implies that we have 
isomorphisms tit*3 = TjE = (xiE). Setting Z' = TiE, we obtain a finite and surjective 
map r| : Z' — » 3 such that the kernel and cokernel are annihilated by the 03-ideal 3^- 
Since X is a noetherian scheme, we may now apply Lemma |4.7| 2| to the map r\ : Z ' — > 3 
and conclude that 3 is effectivizable. □ 

With the devissage technique for schemes fully developed, we now proceed to develop 
a devissage technique for algebraic stacks. 

Lemma 4.11. Let X be a noetherian scheme, n : X' — > X a finite surjection, flat over an open 
subset U c X. Let n 2 : X' x x X' — > X denote the induced morphism. Furthermore, let 3 be a 
coherent Ox-ideal with support |X \ U|. Let 3 be another coherent Ox-ideal, and let X (resp. X') 
denote the formal scheme obtained by completing X along the closed subset V(3) (resp. V(Jx'))- 
Let (3 — > X) <E QF(X) and consider the diagram [7t 2 i(7t 2 )*3 =1 7ti7t*3]. Assume that this 
diagram has a uniform for mal ge ometric colimit 3 (this is true in the case that 7t*3 and [n 2 ) 3 are 



effectivizable, by Corollary 2.291, so that there is an induced finite map y n> $ : 3 — > 3- Then, there 
is a k such that the kernel and cokernel of the map , is annihilated by 3\ 



Proof. Repeating verbatim the reductions in Lemma 4.9 it suffices to prove the result in 
the case that X = Spec R, where R is a local and maximal-adically complete noetherian 
ring. Further, let R' be the finite R-algebra such that X' = SpecR'. Set I = T(X,J) and 
J = P(X, 3)- We will prove the result by induction on dim R = n. The case where n = is 
trivial (since R is local and artinian). Otherwise, assume that n > 0, and we have proven 



the result for all complete local rings S with dim S < n. As in Lemma 4.9 this ensures 
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that the result has been proven for all noetherian schemes X such that all the local rings 
of X have dim < n. Note that 3 = 3 1 U 3 2 / where 3 1 — > X is finite, contains the special 
fiber, and 3 2 misses the special fiber. In particular, 3 2 — > W :— (Spec R) — {m}, where 
m is the maximal ideal of R. Since R is local, all of the local rings of W have dim < n 
and by the inductive hypothesis we can find a 1<2 such that 3^1 annihilates the kernel and 
cokernel of Now, since the map 3 1 — > X is finite, then 3 1 = Spf IT T, where T is 

a finite R-algebra. By definition, if we set T = ker(T (§5r R' — > T (g)R R' <8>r R'), where 
h(t ® r) = t ® 1 ® r — t ® r ® 1, then 3 1 = Spf^ T. Let f e J, then R f R^ is flat. By flat 
descent for modules, we conclude that Tf — > Tf is an isomorphism. Thus, the kernel and 
cokernel of y n ^ : T — > T is annihilated by some fixed power of f. Since J is coherent, then 
we conclude that there is a ki such that J k ' annihilates the kernel and cokernel of 3 , . 
It is now clear that taking k = max{k] , k2} has the property that 3\ annihilates the kernel 
and cokernel of yl , . □ 



Proposition 4.12 (Generically finite flat devissage). Let n : X — > S be a finite type morphism 
of noetherian algebraic stacks with schematic diagonal. For any S-map p : Y — > X, define p 2 : 
YxxY-i X. Suppose that for any closed substack iy : V > X there is a finite and generically 
flat (on V) morphism t v : V — > V where ^ n oT V ,\ an d ^ no -x 2 i are equivalences. Then is an 
equivalence. 



Proof. The principle of noetherian induction implies that we may assume that ^V n ov v ,i is 



an equivalence for any closed substack iy : V X with |V| C |X|. By Lemma 4.2 
suffices to show that V n> x is essentially surjective. 

By assumption, there is a finite map x : X 1 — > X such that over a dense open U c X 
the induced map T : x _1 U — > U is flat with the property that ^ttotJ and ^^ot 2 i are 
equivalences. It will be convenient to set x 1 := t, X 2 := X 1 Xx X 1 and we then have 
t 2 : X 2 — > X. Let (Z n ) n > G lim^ QF p (X n /S n ) and for each n > and i = \, 2 we set 
Z\ — Z n x Xn X\, then for i = 1, 2 we have (Z\) n >o € |i m ri QF p (X^/S n ). By assumption, 
for i = 1, 2 there is a unique [Z i -> X 1 ) e QF p (XVS) such that ¥ 7toTi)I (Z i -4 X 1 ) = 
(Z^Jn^o- Note that from the two finite projection m aps s, t : X 2 — > X 1 we obtain a 



coequalizer diagram [Z 2 =4 Z 1 ] in QF(X). By Theoreml2T0j this dia gram has a uniform 
categorical and uniform geometric coequalizer (C — > X) in QF(X). Note that since Z 1 — > C 
is finite and surjective and Z 1 is S-proper, then C is S-proper, thus (C — > X) e QF p (X/S). 

Let p 1 : V 1 — > X be a smooth surjection from a scheme V 1 . Consider an integer j > 1 
and let V' be the j-fold fiber product of V 1 over X and since X has schematic diagonal, 
V' is an S-scheme. The V -scheme Cy; is the categorical and geometric coequalizer of the 
diagram [Z 2 , =^ Z yj ] in QF(V'). For each n > 0, the morphism (C v i ) n — » comes 
with descent data for the smooth covering — » X n . We also note here that for each n, 
the morphism (Z n ) v i — > comes equipped with descent data for the smooth covering 

P ; : vl^x n . _ _ 

Define the formal V'-scheme 3yi = Jim (Z n x x V j ) e QF(V') and let cTj : 3ys -> V' 



denote the structure map. By Theorem 2.18 C V j is the uniform categorical and uniform 



formal geometric coequalizer of the diagram [Z yj =4 Z yj ] in QF( V' ), and whence there is 
a unique finite morphism of formal V' -schemes & : C V j — > 3yi ■ 
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Consider the closed subse t |D| = |U| C c |X|, and fix a coherent sheaf of ideals 3<0x with 
support |D|. By Lemma 4.11 there is a k > for j = 1, 2, such that [3vi )^ annihilates the 



kernel and cokernel of (4>>) tt . By Lemma 4.7 2j, we thus conclude that 3vi is effectivizable 



for j = 1, 2. Thus, we may find (W 1 -> V 5 ) € QF(V') such that Wi = 3 v j. By smooth 
descent of quasi-finite and separated morphisms, we may conclude that there is a quasi- 
finite and separated scheme (Z — » X) e QF(X) such that Z V j = W' for j = 1,2. Further, 
since smooth descent commutes with arbitrary fiber product, we conclude that Z x x X n = 
Z n . Finally, to see that (Z — > X) e QF p (X), we simply note that the X-map 4> : C — > Z 
is finite and surjective (this is verified smooth locally on X). Thus, we have proved that 
(Z n ) n > € lim QF (X n /S n ) lies in the essential image of M/^j. □ 



We may finally prove Theorem 4.5 



Proof of Theorem 
surjective, whic 



: 33] By Lemma 4.2 it remains to show that the functor W n> i is essentially 
;h we divide into a number of cases. 
Basic Case. Here, we assume that we have a finite type morphism of schemes n : X — > S 
which factors as X Y S where p is etale and q is projective. Now, suppose that 
(3 —> X) e QF p (X/S), then we observe that the composition of morphisms 3 — > X — > Y 
is quasi-finite and proper, since Y is separated and 3 is S-proper. Hence, the morphism 
3 — > Y is finite, and as q : Y — > S is projective, by |EGA. Ill, 5.4.4], there is a finite Y-scheme 
Z such that in QF p (Y/S), (Z — > Y) = (3 — > Y). It now remains to construct an S-morphism 
s : Z — > X such that 5 = cr. To do this, it suffices to construct a section to the morphism 
XxyZ^Z which restricts to the section given by the morphism cr n : Z n — > X n for all n. 
The hypotheses on X — > Y are all preserved by base change, so we conclude that X x y Z — > 
Z is quasi-compact and etale. Hence, the etale sheaf on Z given by U h- > Hom^ (U, X x y Z) 
is constructible. Since we have a section Zo — > Xo xy Zo, by [Mil80, Thm. VI. 2.1], we 
obtain a unique section Z — > X x y Z which restricts to the one we started with (hence to 
all other cr n 's). 

Quasi-compact and schematic case. Here, we assume that we have an arbitrary finite 
type morphism of schemes n : X — > S. Note that any closed subscheme V of X is of finite 
type. In particular, by |RG71 , Cor. 5.7.13], there is always a diagram: 

V 

/ \ 
V P 



where V — > V is proper and birational on V, P — > S is projective, and V — > P is etale. By 
the basic case considered above, we know that MV'— >s,i is an equivalence. Thus, we have 



met the criteria to apply Proposition 4.10 and we conclude that is an equivalence for 
any finite type morphism of schemes n : X — > S. 

Quasi-compact with quasi-finite and separated diagonal case. Now we assume that we 
have a finite type morphism of algebraic stacks n : X — » S with quasi-finite and separated 
diagonal. By Proposition |4. 1 2 and the case for schemes already proved, it suffices to show 



that for any closed substack VmX, there is a finite surjection V — > V from a scheme V, 
which is flat over a dense open of V. This is |Ryd09 Thm. B]. 

General case. Suppose that we have a locally of finite type morphism of locally noether- 
ian algebraic stacks n : X — > S which has quasi-compact and separated diagonal, then it 
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remains to show that the functor is essentially surjective. Let Y X be the open sub- 
stack of X with quasi-finite and separated diagonal. If (Z n ) n > G lim^ QF p fin A (X n /S n ), 
then for each u > 0, the structure map Z n — > X factors uniquely through Y. Hence, it suf- 
fices to prove that the functor is essentially surjective in the case that the morphism 
of locally noetherian algebraic stacks n : X — > S has quasi-finite and separated diagonal. 
Let Ox denote the set of quasi-compact open substacks X, which is ordered by inclusion, 
and we note that {|W x x Z |}weo x is an open cover of the quasi-compact topological 
space |Zo|. Thus, there is a W G Ox such that the canonical X-morphism Wx x Zo — » Zo 
is an isomorphism. In particular, we conclude that the map Zo — > X factors uniquely as 
Zo — > W > X. Since the open immersion W ^> X is etale, it follows that the maps Z n — > X 
also factor compatibly through W and thus (Z n ) n >o G |im QF p (W n /S n ), which reduces 
us to proving that the functor m n j is essentially surjective in the case of a finite type mor- 
phism of noetherian algebraic stacks tc : X — > S with quasi-finite and separated diagonal, 
which we've already shown. □ 

5. The Hilbert Stack 



In this section, we will use Theorem 4.5 and Lurie's Representability Theorem BLur04l 



Thm. 7.1.6] to prove Theorem|2] For all definitions and conventions for derived algebraic 
geometry, we follow |Lur04l . For a simplical commutative ring R, define the oo-category 
SC3?r/ to be the oo-category of simplicial commutative R-algebras with the model struc- 
ture inherited from the underlying simplicial sets. Let S be the oo-category of spaces. The 
main content of Theorem [2] will be implied by the next result, which will take most of this 
section, and Appendix |A| to prove. 

Theorem 5.1. Let Rbe a discrete ring, set S = Spec R, and consider a locally finitely presented 
morphism of algebraic stacks n : X — > S with quasi-compact and separated diagonal, then the 
functor ^KS x e ' s : SC3l R / — » S is a derived 1 -stack which is almost finitely presented over R. 

The functor JCS X ^ S is the natural extension of the fibered category HS X / S , which is the 
object of interest in Theorem[2j to the derived setting. Since it will be necessary, however, 
to vary the definitions in |Lur04| to prove Theorem|2]using the language of derived alge- 
braic geometry, we will postpone the precise definition of JtS x e / S , and the proof of Theo- 



rem 



5.1 until later in this section. For the moment, we will busy ourselves by proving that 
the moduli functor J{§ x e / S possesses a cotangent complex, which will be an efficient way 
of packaging the deformation theory of the objects of the (derived) Hilbert stack. We be- 
gin by defining some notions that are related to the deformation theory of derived stacks, 
as well as some very general moduli functors. 

For a simplical ring A and integer n > 0, let the simplical ring x< n A denote the n- 
truncation of A, which is obtained by filling in all cells in degree > n. By ||Lur041 Prop. 
5.4.4], the notion of truncation can be extended to derived stacks, and we write the n- 
truncation of a derived stack X as T< n X. Denote the 2-category of algebraic stacks by 
AlgStk, then there is a fully faithful embedding of AlgStk into the oo-category of S-valued 
functors on SG31. The essential image of AlgStk is precisely those derived 1 -stacks which 
are 0-truncated. We observe that the full subcategory of algebraic spaces in AlgStk has 
essential image, under the afforementioned embedding, the derived 0-stacks which are 
0-truncated. 

Definition 5.2. This is lifted from ||Lur041 Defn. 3.4.1]. Fix a simplicial ring T. A functor 
F : SC3£r/ — > S is cohesive if for any R-algebras A, B, C together with closed immersions 



THE HILBERT STACK 



35 



Spec C — > Spec A, Spec C — > Spec B, the natural map: 

F(Ax c B)^F(A)x F(c| F(B) 

is an equivalence. The functor F is nilcomplete if for any R-algebra A, the canonical map 
F(A) — > lim^ F(T< n A) is an equivalence. We say that a morphism of functors F — > G from 
SGJIr/ — > S is cohesive (resp. nilcomplete) if for any R-algebra S, and any r\ E G(S), then 
the fiber functor F^ : SC^Rs / — > § is cohesive (resp. nilcomplete). 

In IILur041 Thm. 5.6.4], it is shown that any derived stack is cohesive. This simply 
means that you can glue objects in your stack along closed immersions of affine derived 
schemes. A weaker notion than cohesiveness of a functor is infinitesimal cohesiveness, 
which only requires the ability to glue along nilimmersions of affine derived schemes. 
Infinitesimal cohesiveness of a functor is an analog of the Schlessinger-Rim criteria in 



the derived setting (cf. [Lur04, §6.2]), and will feature in proving Theorem 5.1 Since 



cohesiveness implies infinitesimal cohesiveness, and the functor JCS X ^ S will be proven to 
be cohesive, it will be unnecessary for us to mention infinitesimal cohesiveness again. 

In |Lur04, Prop. 5.3.7], it is shown that any derived stack is nilcomplete. In concrete 
terms, nilcompleteness of a functor means that the values of the functor on a simplicial 
ring with cells in arbitrarily high degree are always lifted from compatible values of the 
functor on truncations. This is similar to the ability to effectivize formal deformations, it 
is just in the derived direction. 

Definition 5.3. Fix a simplicial commutative ring R. For a morphism of derived R-stacks 
U — » SpecR, define the functor DerStku : §C3^r/ — > § as follows: for any simplical 
commutative R-algebra A, DerStku (A) is the oo-groupoid of relative derived stacks Z — » 
U x Spec R Spec A such that the composition Z — » Spec A is an almost finitely presented and 
flat morphism of derived stacks. 

The moduli functor just defined, subsumes the Hilbert stack. Indeed, if R is a discrete 
ring and X — > Spec R is a morphism of algebraic stacks, then for any discrete R-algebra A, 
the oo-groupoid DerStkx(A) consists of those morphisms of derived stacks Z — > X <25r A 
such that the composition f : Z — > Spec A is almost finitely presented and flat. Since A 
is discrete, and the morphism f is flat, then Z is discrete. Thus, we conclude that if Z is 
a 1 -stack, then Z is a locally finitely presented algebraic stack. Hence, we have a fully 
faithful embedding of groupoids HS X /g (Spec A) — » DerStkx(A). This added flexibility 
will be useful for proving Theorem |5.1| 

Lemma 5.4. Fix a simplical commutative ring R, and let Ubea derived R-stack. Then, the functor 
DerStku is cohesive and nilcomplete. 



Proof. The cohesiveness is immediate from Theorem A.l the nilcompleteness follows 



from the results of HLur04[ §5.4] . □ 

Given a morphism of derived R-stacks U — > V, there is a morphism of moduli functors 
F U /v : DerStku — » DerStky- In particular, there is the map F U /specR : DerStku — » 
DerStkspecR- The following computation is identical to [Lur04, Prop. 8.1.2], so we omit it. 

Lemma 5.5. Fix a simplical commutative ring R, write S = Spec R and let Ubea derived R-stack. 
For a simplical commutative R-algebra A, and a connective A-module M, write T = Spec A and 
T[M] = Spec(A M), then the fiber of the natural transformation: 

(1) DerStk s (A® M) -> DerStk s (A) overr\ = (X A Spec A) e DerStk s (A) is naturally 
equivalent to HorriQc x (I-x/Spec a> 

f*M[l]). 
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(2) DerStk u (A®M) -> DerStk u (A) x DerStks ( A) DerStk s (A©M) over (Z A U T ,Z' -> 
T[M],y : Z ~ Z' x T[M] T) eDerStk u (A) x DerSUcs(A) DerStk s (A© M) is naturally 
equivalent to 

Hom QCz (L z/ u T ,g*M), 
o;izere i/ie map g is the composition Z — » Uy — » T. 

The notion of properness given in RLur041 Defn. 5.5.1], is too restrictive for our pur- 
poses (it applies to derived Deligne-Mumford stacks), so we will introduce a slight variant 
of this notion that is sufficient for the purposes of this paper. 

Definition 5.6. Let P be a property of morphisms of algebraic stacks, which is local on the 
target for the smooth topology, and is preserved by arbitrary base change. We say that a 
relative 1 -stack F' — > F is P if for any discrete ring R, and any morphism Spec R — > F, the 
induced morphism of algebraic stacks t<o (Spec RxfF')^ Spec R has the property P. 

We will only use this definition for "quasi-finite", "proper", and "finite" morphisms. 
Using the results of |Ols05], we observe that all of the coherence results from |Lur04, §5.5] 
for this variant of a proper morphism (with the addition of the property almost finitely 
presented) go through without change. It is important to note that the induced notion of 
flatness is incorrect in the derived setting. For this paper, we preserve the notion of flatness 
used in BLur04l . 

Definition 5.7. Fix a discrete ring R and set S = Spec R. For a morphism of algebraic 
stacks 7t : X — > S, define the functor JCS^/s : SC^R/ — > § as follows: for a simplicial R- 
algebra A, J{§x e /s (A) is the oo-groupoid of almost finitely presented, quasi-finite, relative 
algebraic spaces s : Z — > X x s Spec A such that the composition 7ts pe c a ° s : Z — > Spec A is 
almost finitely presented, flat, proper, and with finite diagonal. 

This next result is fundamental. 

Lemma 5.8. Fix a discrete ring R and set S = Spec R. For a morphism of algebraic stacks 
7t : X — -> S, the functor ?CSx/s zs c °hesive and nilcomplete. 



Proof. From Lemma 5.4 the nilcompleteness is clear. For the cohesiveness, we note that 



given a diagram of affine derived schemes [Ti f 1 ^- T3 — T2], where the are closed 
immersions, and a diagram of flat, proper and almost finitely presented deriv ed 1 -stacks 
[Zi i—^- Z3 — Z2] lying over the previous diagram, then by Theorem A.l we have a 
flat and almost finitely presented morphism of the categorical pushouts v : Zi Uz 3 Z2 — » 
Ti II t 3 T 2 . It remains to show that v is a proper morphism of 1 -stacks. Thus, it suffices 
to show that t<ov : t<o(Z] Hz 3 Z2) — > t<o(Ti IIt 3 T2) is a proper morphism of algebraic 
stacks. There is a commutative diagram of algebraic stacks: 

t< Zi Ht< Z2 d > T< (Z 1 Liz, Z 2 ) 



V 

T< Ti Ut<oT 2 r-^T^oCTi Ut, T 2 ] 



By Lemma A. 5 the maps d and d' are finite surjections. Hence, the algebraic stack t<o (Zi Liz , 
Z.2) is finitely dominated by a proper t< (Ti Ut 3 T2)-stack, and is thus proper over t< (T II Tl 
T 2 ). ' □ 
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Fix a discrete ring R and set S = Spec R. If n : X — > S is a morphism of algebraic stacks 
and A is a discrete R-algebra, then JCS^s (A) i s ^he oo-groupoid with objects the almost 
finitely presented, quasi-finite, relative algebraic spaces s:Z^Xx s Spec A such that the 
composition 7tgp ec a ° s : Z — > Spec A is almost finitely presented, flat, and proper. Since 
TtSpec a ° s is flat, and Spec A is O-truncated, it follows that Z is O-truncated. Hence, we see 
that 7Ts P ec a ° s : Z — > Spec A is a morphism of algebraic stacks which is finitely presented, 
flat, proper and with finite diagonal. In particular, the morphism s : Z — > X x s Spec A 
is a representable morphism of algebraic stacks which is quasi-finite. If 71 : X — > S has 
separated diagonal, the morphism s is automatically separated. In particular, there is an 
equivalence HS X / S (Spec A) — > JCS^/s (A) for any discrete R-algebra A. It will still be 
convenient to work in greater generality than this for the moment. 

Definition 5.9. Fix a simplicial commutative ring R, and a derived R-stack U. Define the 
functor DerStk[,' Prop : SQ3l R / — > S to be that which assigns to each simplicial R-algebra 
A, the oo-groupoid of morphisms of derived stacks Z — > U xg peC f> Spec A, such that the 
composition Z — > U xs peC R Spec A — > Spec A is an almost finitely presented, flat and 
proper relative 1 -stack. 

The next result is clear. 
Lemma 5.10. Fix a simplicial commutative ring R, write S = Spec R, and consider a morphism 
of algebraic stacks X — > S. Then the natural transformation of functors 9tS x e / S — > DerStk x ' Prop 
has trivial cotangent complex. 

For a simplicial commutative ring A, we let Ma denote the stable oo-category of A- 
modules. For details, we refer the reader to [Lur04, §2]. If A is a discrete ring, the oo- 
category Ma has objects the complexes of A-modules and the morphisms are topological 
spaces whose homotopy groups correspond to homotopies between morphisms of chain 
complexes. Passing to the homotopy category of Ma produces the derived category of 
A-modules. We require this terminology for the following 

Proposition 5.11. Fix a simplicial commutative ring R, and a derived R-stack U, then the functor 
DerStk[ 1 ' Prop has a cotangent complex. Thus, if U — > SpecR is a morphism of algebraic stacks, 
then the functor JCS^f/ s pec r nas a cotangent complex. 

Proof. The assertion for !KS^f/ spec r follows from the first claim, combined with Lemma 



5.10 and [|Lur04l Prop. 3.2.12]. Now, write S = Spec R, and we have a sequence of natural 



transformations : 



DerStk u ' Prop DerStk 1 ' Prop — > S. 



Thus, by IILur041 Prop. 3.2.12] it suffices to show that the functor DerStkg' Prop and the 
natural transformation Fu/s have cotangent complexes. For the first claim, let C € SC3ij>/ 

and fix a connective C-module M. Further, fix n e DerStk s ' Prop (C) and observe that 
n corresponds to a n alm ost finitely presented, flat, and proper derived 1 -stack f : Z — > 

Spec C. By Lemma|i)l}, the fiber of DerStks' Prop (C ffi M) -» DerStk^ Prop (C) over n is 
given by Hoitiqc z (Lz/specO f*M.[1]). Since f is proper and almost finitely presented, by 
BLur041 Cor. 5.5.8], it follows that the functor on connective C-modules 

M Hom Q c z (L z/Spec c,f*M[1]) 
is corepresentable by an almost connective C-module L DerSik i,p«>p(ri) e Mc. If i|> : C — » 
C is a morphism in SC3?r/, then to show that DerStkg' Prop has a cotangent complex, it 
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suffices to show that the canonical map 

^ : Luostk^fo) ®c C -» L DerStk i,P I o P (il J »Ti) 

is an equivalence. Write il^n as f ' : Z' — » Spec C and let g : Z' — > Z be the natural map, 
then we have a functorial equivalence g*L. Z /g pec c — > L Z / /specC- Thus, for a connective 
C '-module M' we have functorial equivalences 

Hom Mc ,(L DeiStk i,M\M),M') ^HomQc z ,(L z7S pecC',f'*M'[1]) 

~ Hom QCz ,( g * L z/ spec c , f* M ' [1 ]) ~ Hom QCz ( L z/ s P ec c , g * f '* M ' [1 ] ) 
~ Hom QCz (L 

Z/ Spec C> 

~ Hom Mc , (L DerStk ,,i.„p(n) <E) C C, M'). 

Hence, we conclude that the canonical map ty^ is an equivalence, and that the functor 
DerStkg' Prop has a cotangent complex. Combining the technique of proof above, with 
Lemma 5.5 2), we also obtain that the natural transformation F U / S possesses a cotangent 
complex, thus we're done. □ 

The following result is related to what appears in llLur041 §5.4], and will be useful 
shortly. 

Lemma 5.12. Let {Si}i e i be an inverse system of bounded derived stacks such that the transition 
maps Si — > Si' are affinefor all i > V > io € I. Fix a bounded and locally finitely presented to 
order m morphism ft : Xi — > Si of derived relative n-stacks. For i > io set ft := ft x s io Si. 
Let S = lim. Si and f := fi xs io S. Ifx< m f : T< m X — > x< m S has one of the following properties: 

(1) flat; or 

(2) relative l-stack; or 

(3) quasi-finite; or 

(4) proper; or 

(5) finite, 

then there is an a > io such that T< m f p : x< m Xp — > x< m Sp ftas i/ze same property that x< m f 
has for all |3 > a. 

Proof. We note that |l| is smooth local on the source and target of f i , so we immediately 
reduce to the case where Si = SpecRi , Xi = SpecTi and f\ : Xi — > Sv is induced, 
up to order m, from a finitely presented homomorphism of simplicial commutative rings 
Ri — > Ti . Since Si -4 Si' is affine for i > i' > io, we are completely reduced to the affine 
case. For i > io, let the simplicial commutative ring Ri (resp. Ti) be such that Spec Ri = Si 
(resp. Spec Ti = Xi). Let R = lim. R t and T = lini . Ti. 

H>i() H>io 

Since 7T (R) —) 7t (T) is flat, by [EGA. IV, 11.2.6], there is an ii > i and a discrete, 
flat, finitely presented Tto (Ri, )-algebra Bi, such that there is an equivalence Bi, ®„ Q ( R . ] ) 
7t (R) ~ 7t (T). For i > ii, let B t = 7t (Ri) <87i (R t ) Bi,, then B t is a discrete, flat and 
finitely presented 7to(Ri) -algebra, and Unj i>i Bi ~ 7to(T). Also, for i > ii, let Ci be the 
finitely presented 7to(Ri) -algebra Ti(g)R t 7to(Ri). Note that by the flatness of x< m R — > x< m T, 
we have equivalences 

x< m (limCi) ~ x< m (T(g) R 7t (R)) ~ (x< m T) ®Tr< mR tt (R) ~ 7t (T] ~ limBj. 

i i 

Thus by l|Lur04l Prop. 5.4.9], there is an 12 > ii and a homomorphism Bi 2 -4 Ci 2 inducing 
an equivalence x< m Bi —> x< m Ci for all i > 12. We have thus shown that x< m (T. (g) Ri 
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Tto(Ri)) is a discrete and flat no (Rt) -module for all i> iz- Observing that there are natural 
equivalences (T< m Ti) ® T<m Ri ^o(Ri) — T< m B i; by RLur041 Theorem 2.5.2] we conclude 
that x< m Ri — » T< m Ti is flat for all i> iz- 

For Q, it suffices to treat the case where I < n, the case I > n being trivial. Now, let 
i > io, then if the map fi : Xi — > Si is a relative n-stack and A fi : Xj. — > Xi x s . Xi is a 
relative (I — 1 ) -stack, then fi is automatically a relative l-stack. Thus, by repeating this 
argument to the diagonal maps Af , it suffices to treat the case that 1 = 0. That is, we have 
to show that if the map f : X — > S is a relative algebraic space, then there is an ii > io such 
that ft, : X^, — > Si, is a relative algebraic space. Note that fi (resp. f) is a relative algebraic 
space if and only if T<oAA f . (resp. T<oAA f ) is an isomorphism of algebraic spaces, which 
makes this result clear. 

For |3j and ||4} we note that it suffices to consider the case of a morphism of algebraic 
stacks, and this was shown in |Ryd09| Prop. B.3]. Finally, (|5) follows from the combination 
of 0, {5}, and {4}. □ 



We can now prove Theorem 5.1 



Proof of Theorem |5J| Write X = lim aeA X (x in the category of algebraic stacks, where {X a : 
a G A} ranges over the finitely presented open substacks of X. Since the morphism of 
S-valued functors CKS^s «— » 5fS x e / S is an open immersion for any open immersion of al- 
gebraic stacks U — > X, it suffices to treat the case where n : X — > S is finitely presented with 
quasi-compact and separated diagonal. Next, we apply |LMB, Prop. 4.18(ii)] to reduce to 
the case where R is a finitely generated Z-algebra and is thus a G-ring. Hence, it suffices to 
verify the seven conditions of !ILur04[ Thm. 7.1.6] to show that !K§^J S is a derived l-stack, 
almost finitely presented over R. 

(1) The functor !KSx e /s commutes with filtered colimits when restricted to k-truncated 
objects of SC3i R /, for each k > 0. 



Proof. This follows from Lemma |5. 12 |and BLur041 Prop. 5.4.9 and 5.4.101. □ 



(2) The functor "KS^/s is a sheaf for the etale topology. 



Proof. Clear. □ 
(3) Let B be a complete, discrete, local, noetherian R-algebra, m<i B the maximal ideal. 



Then the natural map KSx/s ( B ) -> lim JCS^ S ( B /m n ) is an equivalence. 



Proof. This follows from Theorem 4.5 □ 



(4) The functor J£§x e /s nas a cotangent complex. 



Proof. This follows from Proposition 5.11| □ 



(5), (6) The functor WS^/s is infinitesimally cohesive, and nilcomplete. 



Proof. This follows from Lemma 5.8 □ 



(7) For any discrete commutative R-algebra T, the space 5f§x e /s (T) is 1 -truncated. 
Proof. Clear. □ 

□ 
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Before we get to the proof Theorem pi we will require an analysis of some spaces of 
sections. Fix a scheme T, and let s : V V be a representable morphism of algebraic 
T-stacks. Define the T-sheaf S_ec T (V'/V) to be the sections of the morphism s. We require 
a mild strengthening of |Ols06, Prop. 5.10] and |Lie06j Lem. 2.10]. 

Proposition 5.13. Fix a scheme T and a proper, flat, and finitely presented morphism of algebraic 
stacks p : Z — » T with finite diagonal. Consider a quasi-finite, separated, finitely presented, 
and representable morphism s : Q — » Z, then the T '-sheaf Sec T ( Q/Z) zs a separated and finitely 
presented algebraic 1-space. 

Proof. There is an inclusion of functors S_ec T (Q/Z) c Hilb n , T , which is represented by 
open immersions. Thus, by |Ols05 , Thm. 1.5], Sec T (Q/Z) is a separated and locally finitely 
presented algebraic T-space and it remains to show that S_ec T (Q/Z) is quasi-compact. We 
may clearly reduce to the case where T is a reduced noetherian scheme. Also, as T is 
noetherian, it suffices to prove the result over a dense open subset of T. Observe that by 
Zariski's Main Theorem [LMB. Thm. 16.5(h)], there is a finite Z-morphism Q — > Z and 
an open immersion Q Q. In particular, we see that there is a natural transformation 
of T-sheaves Sec T ( Q/Z) — > Sec T (Q/Z) which is represented by open immersions. Hence, 
we may assume for the remainder that the morphism s : Q — > Z is finite. 

By [ |Ryd09 Thm. B], there is a finite and surjective morphism p : Z' — > Z from a T- 



scheme Z'. Since T is noetherian and reduced, by IIEGAI IV, 6.9.1] we may assume that 
Z' — > T is flat, and take Q' = Q xz Z'. We have an induced morphism p* : Sec T (Q/Z) — > 
Sec T (Q'/Z'). An application of IOls06l Prop. 5.10] shows that Sec x (Q'/Z') is of finite 
type, thus it remains to prove that p* is finite type. 

Since the morphism p is affine, the formation of p*0z' commutes with arbitrary base 
change on T. By a minor modification to the arguments of [Ols06, 5.11], we may hence- 
forth assume that Z is reduced, and thus that the morphism p" : Oz — > p*0z' is injec- 
tive. By passing to a dense open of T, we may assume that the cokernel of p" is T-flat, 
and so we obtain that the morphism (pw)" : 0z w — > (pw)*Oz^ is injective for any T- 
scheme W. Hence, we may apply [Ols06 Lem. 5.13] to conclude that the morphism 
V* :Sec T ( Q/Z) ^Sec T (Q '/Z') is of finite type. □ 

Corollary 5.14. Fix a scheme 1, and a pair of proper, flat, and finitely presented morphisms of 
algebraic stacks pi : Zi — ) T for i = 1, 2, with finite diagonals. Given a locally finitely presented 
morphism of stacks with quasi-compact and separated diagonal n : X — > T, as well as quasi- 
finite and representable morphisms si : Zi — > Xfor i = 1, 2, then the functor on Sch/T given 
by T' i ) Homx T , [{Z-\ )y, [Z2)t) is a separated and finitely presented algebraic T-space. In 
particular, the open subfunctor Isomx(Zi , Z2) C Homx(Zi , Z2) parameterizing isomorphisms 
is a separated and finitely presented algebraic 1-space. 

Proof. Note that Hom x (Zi,Z2) = Sec T ((Zi x x Z 2 )/Z~i) and since the morphism n has 
quasi-compact and separated diagonal, it follows that for each i = 1,2, the morphisms 



si are separated. Thus, by Proposition 5.13 the functor Homx(Zi , Z2) is a separated and 



finitely presented algebraic T-space. □ 
Proof of Theorem^ We note that the construction of HS X / S is local for the Zariski topology 
S, so we may assume that S = Spec R for some ring R. Note that HS X /s — T <o^Sx/s 



so by Theorem 5.1 it follows that HS X /s i s an algebraic stack, locally of finite presentation 
over S. That the diagonal morphism Ahs x/s : HS X /g — > HS X /$ x s HS X /g is quasi-compact 



and separated follows from Corollary 5.14 □ 



THE HILBERT STACK 



41 



Proof of Theorem^ For an S-scheme T, a T-morphism fy:ZxsT— >XxsTis equivalent to 
the data of its graph morphism r f T :Zx s T-) (Z x s X) x s T. Since the morphism A X /s : 
X — » X x s X is quasi-finite, separated, and representable, Vf T is quasi-finite, separated, and 
representable. Thus, we conclude that we have a morphism of stacks V : HOMj [Z, X) — » 
HS X /s given by fr i— > Ff T . It remains to show that V is represented by open immersions, 
for which one may apply [Ols06 . Lem. 5.2], noting the easy modifications to the argument 
to treat the stack case. □ 



Proof of Theorem^ Clear from Theorem [3] 



□ 



Appendix A. Gluing Derived Stacks 



In BLur 04, §5.6] it was shown that if we have closed immersions of affine derived 
schemes Z U, V, then the pushout U Liz V exists in the oo-category of derived stacks. 
We will generalize this using the ideas of HAGV081 Appendix A] and prove the following 

Theorem A.l. Consider a diagram of derived n-stacks [Xi <— - X3 X2L where the tt are 
closed immersions. Then, the pushout Xi H X3 X2 exists in the oo-category of derived n-stacks. 
Moreover, the pushout X] Hx 3 X2 has the following uniformity property: given flat (resp. flat and 
almost finitely presented, resp. smooth) morphisms st : X( — > X- x for i = 1, 2, 3, and equivalences 



X 3 



X\ x x , X 3 



X 2 xx 2 X3. Then, the induced map X\ II > 



X 2 



Xi Ux 3 X2 is flat (resp. 



flat and almost finitely presented, resp. smooth), and in the diagram 



x 3 



X, 



— -x 2 
x; -^ x{ u x , x' 2 



x 2 



Xi — >■ Xi Ux 3 X2 
all squares, except possibly the top and bottom, arefibered. 



Remark A. 2. In the notation of Theorem A.l in the non-derived setting, all of the squares 
are known to be fibered. 

It will be convenient to introduce some definitions that are similar to those given in 



£2.1 



Definition A.3. Fix a diagram of derived stacks [Xi X3 X 2 ] where the are closed 
immersions. Consider the data of a derived stack W with maps (j>t : X^ — > W for i = 1,2, 
3 which are compatible with the morphisms ti and t2. In a natural way, one can make an 
oo-category PO[ t| t2 ] of this data. We say that the data (W,{4>^}) is a 

(1) categorical pushout if it is an initial object for the oo-category PO[ t| ,t 2 ] and the 
maps c})^ are closed immersions; 

uniformly categorical pushout if for any flat morphism of derived stacks W' — > 



(2) 
(3) 



W, the data (W',{(cf).' v )w/}) is a categorical pushout; 

strongly uniformly categorical pushout if it is a uniformly categorical pushout, 
and given flat (resp. flat and almost finitely presented, resp. smooth) morphisms 
of derived stacks X[ — » X^ for i = 1, 2, 3, and equivalences X3 ~ X\ x Xl X3 ~ 
X' 2 Xx 2 X 3 , then if there is a uniformly categorical pushout (W',{c()] A/ }) of the 
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diagram [XJ X' 2 ], the induced map W — ) W is flat (resp. flat and 

almost finitely presented, resp. smooth), and the natural maps X( — > W xwX; 
are equivalences for i = 1 , 2, 3; 

(4) ringed pushout if the induced map on sheaves of rings 

W -> (*D*Qx, X(4,Y),o X3 toi^Oxa 
is an equivalence; 

(5) uniformly ringed pushout if for any flat morphism of derived stacks W — » W, 
the data (W'^cf^jw'}) is a ringed pushout. 

We have the following easy implications: 

strongly uniformly categorical uniformly categorical; 

ringed uniformly ringed. 

Fix simplicial commutative rings A, B, C and morphisms f : A — > C, g : B — > C, let 
R = A x c B. In |Lur04. §5.6] was defined a functor: 

4>a,b,c : Mr -» M A x Mc M b . 

It is given by sending N e Mr to N ® R A e Ma, N <8>r B g M b , and the equivalence 
y : N %A®a C ~ N (g) R B <g) B C in Mc- The functor 4) A , B ,c admits a right adjoint t|>a,b,C/ 
which sends a triple (Na,N b ,y : N A <8>a C ~ N b <8>b C) to the R-module N A x Nc N B , 
where N c := N A <8>a C. If the maps on discrete rings 7t (f) and 7t (g) are surjections, 
then Lurie showed in ILurQ41 §5.6] that the derived scheme Spec(A x c B) is a categorical 
pushout of the diagram [Spec A — > Spec C <— Spec B], the functor cf> is fully faithful, and 



is an equivalence on connective objects. In proving Theorem A.l we will want to employ 



these affine results, so the following locality result will be useful. 

Lemma A.4. For a diagram of derived stacks [Xi <— - X3 — ^ X2L fix data (W,^-^}] G 
PO[ tl t2 j. Then (W,{c|)^}) is a ringed (resp. uniformly categorical, resp. strongly uniformly 
categorical) pushout if and only if it remains so after fppf base change of derived stacks on W. 

Proof. The claim for ringed pushouts is obvious from the faithful exactness of the fppf 
pullback of sheaves. For the categorical statement, we note that the necessity of the con- 
dition is clear, thus we focus on the sufficiency. So, consider compatible morphisms of 
derived stacks Xi — > Y, and we wish to construct a unique morphism of derived stacks 
W — > Y which is compatible with these maps. Consider an fppf morphism Uo -4 W, and 
let Uk denote the kth fiber product of U over W. By assumption, we can choose a derived 
stack Uo such that Uo is the categorical pushout of the pulled back diagram, and similarly 
for the other U^. In particular, we obtain unique maps U^ — » Y which are all compati- 
ble, and so by fppf descent of morphisms, we construct a unique map W — > Y which is 
compatible with the data. 

For the strongly uniformly categorical statement, suppose that we are given flat (resp. 
flat and almost finitely presented, resp. smooth) morphisms X( — » Xi, equivalences X3 ~ 
Xi xx,X3 ~ X' 2 XX2X3, and the categorical pushout W := X^IIx^X^ exists, and is uniform. 
That the morphism W — > W is flat (resp. flat and almost finitely presented, resp. smooth) 
and that the maps X( — > W XwX, are equivalences for i = 1,2, can be checked fppf 
locally on W. By hypothesis, there is an fppf morphism U — > W such that the derived 
stack U is a strongly uniformly categorical quotient. In particular the pulled back map 
U' — > W" is flat (resp. flat and almost finitely presented, resp. smooth), the morphisms 
X[ x W / U' — > Xi x w U are flat (resp. flat and almost finitely presented, smooth), thus 
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the uniformity of the pushout W and the strong uniformity of the pushout U implies 
that the map U' — » U is flat (resp. flat and almost finitely presented, resp. smooth), as 
required. □ 



We may now recast Theorem A.l as: given a diagram [X <— Z — > Y] of derived stacks, 
where the maps are closed immersions, then the diagram has a strongly uniformly cat- 
egorical pushout. We include two easy results that were omitted from ||Lur04[ §5.6], but 
will be of use here. This first result is similar to |Fer03 Thm. 2.2(iii)]. 

Lemma A.5. Let A, B, C be simplicial commutative rings and suppose we have maps ofsimplicial 
rings f : A — > C, g : B — » C, such that the induced map of discrete rings 7t (f) : 7t (A) — > 7t (C) 
is surjective. Let R = Ax c B, then there are induced maps ofsimplicial rings f ' : A x c B — > A, 
g':Ax c B-iB. 

(1) The natural map of discrete rings 7to(R) — » 7To(A) x 7to(cl 7to(B) is surjective with square 
kernel. 

(2) The map of discrete rings n [i ') : 7t (R) — ) 7t (A) is surjective. 

Proof. Note that |2} follows from ([TJ. Thus, to show Q, we observe that there is an exact 
sequence 

R ^AffiB 

which gives rise to the exact sequence of homotopy groups: 

7tl(C) ^Tto(R) ^Tto(A) e7To(B) ^7t (C) . 

In particular, we see that 7to(R) surjects onto the kernel of the map 7to( A) ©7to(B) — > 7to(C), 
which is precisely R := 7t (A) x^c) n o{^)- To check that the ideal K = ker(7t (R) — > R) 
is square 0, we let h be the induced surjection 7To(R) — » 7to(C), then kerh D K. Since 
7to(C) acts on n-\ (C), and 7ti (C) — > K is surjective, we conclude that (kerh)K = (0), thus 
K 2 = (0). □ 

Lemma A.6. Fix a simplicial commutative ring A, and let M be an almost connective A-module. 
If the na{A)-module M (&A tto(A) is almost perfect, then M is almost perfect. 

Proof. By HLur04[ Prop. 2.5.7(iv)], we have to show that for all n, there is a perfect A- 
module N (possibly depending on n), and an equivalence T< n N ~ T< n M. Since M is 
almost connective, we may thus reduce to the case that M is bounded. By using trun- 
cations, exact sequences, and shifts, we may further assume that M is a projective A- 
module, with x>oM = T < oM = 0. Thus, it remains to show that M is a retract of a 
finite free A-module. By IILur041 Prop. 2.5.3], 7to(M) is a projective 7to(A)-module. Since 
M is projective, hence flat, the hypotheses in the Lemma also imply that the almost per- 
fect 7to(A)-module M <S>a tto(A) is discrete, and is equivalent to 7to(M)[0]. Hence, 7to(M) 
is a finitely generated projective 7to(A)-module and is consequently a retract of a finite 
free 7t (A)-module 7T (A)® r . The map A 0T — > 7T (M) lifts to a map A 0T -4 M, which is 
surjective. Thus, since M is projective, M is a retract of a finite free A-module. □ 

Lemma A. 7. Fix a flat morphism of derived stacks f : X — > Y, and suppose that the morphism 
of 0-truncated stacks r<of : x<oX — > x<oY is almost finitely presented, then f is almost finitely 
presented. 

Proof. The statement is smooth local on the source and target of f, thus we may assume 
that X = Spec B, Y = Spec A and the flat morphism f : X — > Y is induced by flat morphism 
of simplicial commutative rings u : A — > B. By |Lur04. Prop. 3.2.8], it suffices to show that 
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the cotangent complex L B /a is almost perfect. By Lemma A.6 since L B /a is connective, 
it suffices to show that the 7t (B)-module L B /a ®b tto(B) is almost perfect. Since u is flat, 
then we have an equivalence L B /a ®b tto(B) ~ L 7t0 (B)/7t (A)/ and the result now follows 
since 7tou is finitely presented. □ 

We now have two results for discrete rings, with no claim of originality, and are in- 
cluded for lack of knowledge of a precise reference. 

Lemma A.8. Fix a surjection of rings A — > Ao and let I = ker(A — > Ao). Suppose that there is 
a k such that I k = 0. 

(1) Given a map of A-modules u : M — > N such that u (8a Ao is surjective, then u is 
surjective. 

(2) For an A-module M, if M <g>A Ao is finitely generated, then M is finitely generated. 

(3) Groen an A-algebra B, Ze£ Bo = Aq <S>a B. 

(a) if Bq is a finite type A -algebra, B is a finite type A-algebra. 

(b) if B is aflat A-algebra and Bo is a finitely presented Ao-algebra, then B is a finitely 
presented A-algebra. 

Proof. For |TJ, we have by the right exactness of tensor product that (coker u) ® a Ao = 
cokeruo = (0). Hence, coker u = I coker u = I 2 coker u = ••• = I k coker u = (0) and 
u is surjective. For |2}, we pick a surjection vo : A® r — > M eg) a Ao, which lifts to a map 
v : A® T — > M, and apply |TJ to conclude that v is a surjection. For 1 3a}, given a surjection 
f o : A [X] — > B , this lifts to a map f : A[XJ — > B, and again apply |[T i . For pb) , by ||3a), we 
know that A — > B is finite type. For a surjection v : A[XJ — > B, since B is A-flat, we have 
(ker v) ®a A = ker(v ® A A ). Since A — » B is finitely presented, and v = v ®a A is a 
surjection, then ker v is finitely generated as an A [X]-module — we conclude by applying 
§. □ 

This result is a non-noetherian version of [Kol08, Lem. 44], in the spirit of [Fer03j. 

Lemma A.9. Fix a diagram of discrete rings [Ai f^- A3 ^> A2], where ti is surjective. Given 
flat (resp. faithfully flat, resp.flat and finitely presented, resp. smooth) morphisms : A| — > A- 
for i = 1, 2, 3, with isomorphisms A 3 s» A3 (8a 1 A^ rj A3 0a 2 ^-2- ^ e induced map 

g : Ai xa 3 A2 -4 Aj x A ^ A' 2 is flat (resp. faithfully flat, resp. flat and finitely presented, resp. 
smooth). 

Proof. The flatness of the map g is precisely HFer03l Thm. 2.2(iv)]. Let R = Ai xa 3 A2 
and R' = A[ x A - A' 2 . Note that R' ® R A t « A( for all i, also follows from IIFer031 Thm. 
2.2]. For the flat and finitely presented condition on R — > R', write R' = lim. B', where 

the B' are finite type R-subalgebras and set B' t = A^ ® R BK Note that lim. B{ — A[ for 
each i, and since A[ is a finitely presented A—algebra, then there is a jo sufficiently large 
so that the map B[° — > A{ admits a section for all i. By increasing )q, we may assume that 
these sections are compatible, in the sense that the canonical map B^ x B j B^ — > R' of 
R-algebras admits a section, thus is surjective. By |Fer03 Thm. 2.2(iii)], the canonical map 
B'° -4 B^ x B j B 2 ° is surjective and so R' = B'°, hence is of finite type over R. 

To see that R' is finitely presented over R, we let q R : P R — » R' be a surjection of R- 
algebras, where P R is a finitely generated polynomial ring over R. Let L = ker q. Next, 
take Pi = P R ®r At and observe that P R = Pi x p 3 P2. Also, we have the induced map qi : 
P t — > A(. Since each A( is a flat Ai -algebra, then Li := ker(qig)pPi) = (ker q)(g) P Pi. Further, 
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Li is a finitely generated Pi. -module, since A( is a finitely presented A—algebra. Thus, by 
applying |Fer03, Thm. 2.2(iv)], we conclude that L is a finitely generated P R -module, and 
so R' is a finitely presented R-algebra. In the case that the maps gt are faithfully flat (resp. 
smooth), showing that g is faithfully flat (resp. smooth) may be verified on the fibers of 
points of Spec R. Thus, in both cases, it suffices to observe that the map of topological 
spaces y : Spec Ai II Spec A 3 — » Spec R is surjective, by [Fer03. Thm. 5.1]. □ 

We finally arrive at the result that ties all of the previous lemmata together. 

Proposition A.10. Fix a diagram of derived stacks [X] f^- X3 X2L where the morphisms tt 
are closed immersions. A ringed pushout (W,{ct>^}) is strongly uniformly categorical whenever 
the morphisms cj)^ : X t — > W are closed immersions. 



Proof. By Lemma A. 4 we reduce to the case where W = Spec R, for a simplicial com- 
mutative ring R. Since the maps 4^ : Xt — > W are all closed immersions, then for 
i = 1, 2, 3 we may write Xt = Spec At, for simplicial commutative rings At. The ringed 
pushout condition is precisely that the natural map R — > Ai x a 3 A2 is an equivalence. By 
BLur041 §5.6], the derived scheme W = Spec R is the categorical pushout of the diagram. 
Now, to show that W is strongly uniformly categorical, we suppose that we are given flat 
(resp. flat and almost finitely presented, resp. smooth) morphisms X( — » Xt, equivalences 
X3 ~ X' 2 Xx 2 X3 ~ X^ Xx, X3, and there is a uniformly categorical pushout W of the 
diagram [Xj <— X 3 — > X' 2 ], then we need to show that the map W — > W is flat (resp. flat 
and almost finitely presented, resp. smooth), and the natural morphisms X( — > W Xw Xt 
are equivalences. 

By the uniformity of the pushout W, we may work smooth locally on W, thus it 
suffices to assume that W = SpecR' and X[ — SpecA( for simplical rings R' and A(. 
It suffices to show that the map of rings R — » R' is flat (resp. flat and almost finitely 
presented, resp. smooth), whenever the maps of rings At — » A[ are flat (resp. flat and 
almost finitely presented, smooth), and that the natural maps at : R' ©r Ai — > A' are 
equivalences for i = 1, 2, 3. Since W" is the categorical pushout, it follows from |Lur04, 
§5.6] that there is an equivalence R' -> A^ x A , A' 2 = iI'a, ,a 2 ,a 3 (A^ , A' 2 , 5). By BLur04[ 
Prop. 5.6.2], we have an equivalence <$>a u a 2 ,a 3 (R') — (A{ , A 2) b). This shows precisely 
that there are equivalences R' <8r Ai — » A- for all i. To show that the map R — » R' is flat, by 
[Lur04] Prop. 2.5.2(3)], it suffices to show that if N is a discrete R-module, then N ®r R' is 
also discrete. Let Nt = N ®r At and N( = (N ®r R') ®r Ai, then we have exact triangles: 

N^N!®N2^N 3 and N ®r R' N j 8 N' z N3. 

Since N is discrete, then for any ) > 2 we have an isomorphism 7tj ( N 1 ) © 7T-j ( N 2 ) — > 7tj ( N 3 ) 
and an injection 7i\ (Ni ) ®7ti (N2) — > 7Ti (N3). Since Ai -4 A{ is flat, then for any j we have 
equivalences 7tj ( N i ) ® a t A{ ~ 7Tj ( N i ® a t A{ ) . Since we have already proved that we have 
equivalences Ni ® Ai A( ~ (N ® R At) ® Ai (At ® R R') ~ N(, we conclude that the map 
7tj (N^ ) © 7tj (Nj) 7tj (N3) is an isomorphism for ] > 2 and injective for j = 1, by the 
flatness of the maps At — » A(. Hence, N ©r R' is discrete, as required. 

If the maps At — » A( are flat and almost finitely presented (resp. smooth), we have 
already shown that the map g : R — > R ' is flat, so we need to check that it is almost finitely 



presented (resp. smooth). By Lemma A. 7 it suffices to check that 7T (g) : 7t (R) -4 7t (R') 



is finitely presented. The flatness of the map 7to(g) immediately implies that we have a 
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cocartesian diagram of rings: 



7T (R) >7T (Al] X^fAj, 7T (A 2 ) 

Combining the three lemmata A. 5 1 1, A. 8 3b}, and A. 9 we obtain the claim. □ 



We require a generalization of |EGA. IV, 18.1.1] to the derived setting. 

Lemma A. 11. Fix a closed immersion of derived schemes i : Z X and consider and a smooth 
surjection of derived schemes p : U — > Z. Tnen f/zere is an efate covering U' — > U and a smooth 
surjection of derived schemes V — > X together with an equivalence U' — > V x x Z. In fize case that 
X and U are disjoint unions ofajfine derived schemes, then we may take the etale covering U' — > U 
to oe a Zariski covering. 

Proof. It suffices to prove the second assertion, which is a local problem, so we may as- 
sume that X = Spec A,Z — Spec B, U = Spec R and we work on the level of simplical rings. 
We have an induced smooth morphism of discrete rings 7ToB — > 7TqR and a surjection of 
discrete rings 7toA — > 7toB. By [EGA, IV, 18.1.1] there is a Zariski covering 7toR — > R , a 
faithfully flat smooth map 7toA — > So, and an isomorphism of rings So <8>tt a TtoB — > Rq- 
Now, since 7t R — > R is a Zariski covering, by |Lur04, Thm. 3.4.13], there is a Zariski cov- 
ering R — > R' and an equivalence R' ®r 7toR — > R . By flatness, we note that R = 7toR'. 
Also, by lLur041 Prop. 3.4.11], there is a faithfully flat smooth morphism A — » S together 
with an equivalence S®attoA —> So, and by flatness we again have that 7toS = So- 
Using the argument given in the proof of IILur041 Prop. 3.4.11], there is an equivalence 
S <8>a B — » R' lifting the equivalence So <8> no A ^oB — » 7T R'. □ 

The result that follows is the derived analog of BAGV0 8 , Lem. A.3.2], and their proof 
works with only minor changes. 

Lemma A.12. Consider closed immersions of derived stacks ZhX], X2, then there are smooth 
surjections from derived schemes Vt — > Xi and an equivalence Vi xx, Z — > V2 x X2 Z. Tne Vt 
may fee tefen to be disjoint unions of affine derived schemes. 



We may now prove Theorem A.l 



Proof of Theorem\ A.l\ First, we consider the case where the Xi are all affine derived schemes. 
By Proposition A. 10 it suffices to construct a ringed pushout (W,{4>^}) of the diagram, 



such that the maps <$>^ : Xt — > W are closed immersions. This is immediate from [Lur04, 
§5.6] and Lemma [A. 5 [ 2). Note that this implies that we have ringed pushouts for all dis- 
joint unions of affine derived schemes. 



In the general case, by Lemma A.12 there are smooth surjections U° -4 Xt from de- 
rived schemes 11°, which we may assume to be disjoint unions of affine derived schemes. 
Moreover, there are equivalences 11° ~ 11° x x , X3 ~ U° x x 2 X3 . To fix notation, for k > 1 , 
let the derived stack denote the k-fold fiber product of U° over X^. 

We now assume that the derived stacks Xi are n-stacks, and we will prove that there 
is a ringed pushout by induction on n. For n = 0, the derived n-stacks X^ are derived 
algebraic spaces. Thus, we take the derived scheme U° to denote the ringed pushout of 
the diagram [U° <— 11° — > 11°], which we have already constructed. For the moment, we 
assume that the diagonal maps At : X^ — > Xt x X^ are affine, and in this case it follows that 
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the \l\ are disjoint unions of affines, and thus by the case alrea dy con sidered, the diagram 
[U] <— U3 — » U]] has a ringed pushout U . By Proposition A. 10 ringed pushouts are 
strongly uniformly categorical and so the two induced maps U 1 — > U° are smooth. Since 
U° and U 1 are constructed via categorical pushouts, we conclude that the data [U 1 =t U ] 
defines a smooth groupoid, and we take W to be the quotient of this groupoid. By Lemma 
A.4|it is a ringed pushout. We claim that W is a derived algebraic space. For this, it suffices 



to show that the algebraic stack T<oW is an algebraic space. By Lemma A. 5 1 1, there are 
closed immersions T<oXi t<o W for i = 1 and 2, with the union of the images covering 
t<oW. One concludes immediately that t<oW is an algebraic space, since the T<oXi are 
algebraic spaces. 

In general, the derived schemes U? given above have affine diagonal, so by what we've 
proven for the case of derived schemes with affine diagonal, we can conclude that the 
diagram [U] <— U] — > has a ringed pushout U 1 , and we may repeat the arguments 
just given to construct a ringed pushout W, which is a derived algebraic space. We now 
assume that n > and we have proven the result for all derived k-stacks, for k < n. 
Note that since the derived stacks Xi are n-stacks, the derived stacks U[ are k '-stacks 
where k' < n for all integers I > 0. Thus there is a ringed pushout U l of the diagram 
<— U3 — > Ui] ■ Take W to be the derived n-stack associated to the smooth n-groupoid 
described by the 11, and we conclude that W is the ringed pushout of the Xi and the maps 
Xi — > W are all closed immersions. □ 
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